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Abstract 

By introducing motivic Milnor fibers at infinity of polynomial maps, we propose 
some methods for the study of nilpotent parts of monodromies at infinity. The 
numbers of Jordan blocks in the monodromy at infinity will be described by the 
Newton polyhedron at infinity of the polynomial. 

1 Introduction 

The aim of this paper is to study the nilpotent parts of monodromies at infinity of 
polynomial maps. More precisely, following the construction of motivic Milnor fibers 
in Denef-Loeser [B] and [7], we introduce motivic reincarnations of global (Milnor) fibers 
of polynomial maps and give some methods for the calculations of their mixed Hodge 
numbers. Since by construction these mixed Hodge numbers contain the information on 
the monodromy at infinity of the map, we thereby determine its Jordan normal form. In 
particular, we will describe the numbers of Jordan blocks in the monodromy at infinity 
in terms of its Newton polyhedron at infinity. 

In order to explain our results more precisely, we recall the definition and the basic 
properties of monodromies at infinity. After two fundamental papers [2] and |43j . many 
authors studied the global behavior of polynomial maps / : C n — > C. For a polynomial 
map / : C n — > C, it is well-known that there exists a finite subset B C C such that the 
restriction 

C n \f-\B) — >C\B (1.1) 

of / is a locally trivial fibration. We denote by Bf the smallest subset BcC satisfying this 
condition. Let Cr = {x G C | \x\ = R} (R ^> 0) be a sufficiently large circle in C such that 
Bf C {x G C | \x\ < R}. Then by restricting the locally trivial fibration C n \f~ 1 (Bf) — > 
C\Bf to Cr we obtain a geometric monodromy automorphism <J>y° : f~ 1 (R) 
and the linear maps 

$f :Hi(r 1 (R);C)^Hi(f- 1 (R);C) (j = 0, 1, . . .) (1.2) 

associated to it, where the orientation of Cr is taken to be counter-clockwise as usual. We 
call <3>°°'s the (cohomological) monodromies at infinity of /. Various formulas for their 
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eigenvalues (i.e. the semisimple parts) were obtained by Libgober-Sperber [24] etc. Also, 
some important results on their nilpotent parts were obtained by Garcia-Lopez-Nemethi 
[To] and Dimca-Saito [TT] etc. For example, Dimca-Saito [TT] obtained an upper bound 
of the sizes of Jordan blocks for the eigenvalue 1 in For the special case n — 2, 

see [8] etc. However, to the best of our knowledge, the nilpotent parts have not yet 
been fully understood. The monodromies at infinity $°° are important, because after a 
basic result [32J of Neumann- Norbury, Dimca-Nemethi [TU] proved that the monodromy 
representations 

tti(C \ B f , c) — ► Aut(Hi(f-\c); C)) (c G C \ B f ) (1.3) 

are completely determined by $°°'s. In this paper, assuming that / is convenient and 
non-degenerate at infinity (see Definition 13.51) we describe the nilpotent parts (i.e. the 
Jordan normal forms) explicitly. Note that the second condition is satisfied by generic 
polynomials f(x) G C[xi,x 2 , ■ ■ ■ ,x n ]. By the results of Broughton [2J, / is tame at 
infinity (see Definition 13. ip and there exists a strong concentration fP(/ _1 (i?); C) — 
(j 7^ 0, n — 1) of the cohomology groups of the generic fiber f _1 (R) (R 3> 0) of /. Since 
$0° = id<c, is the only non-trivial monodromy. Following [24J, we call the convex hull 
of {0} and the Newton polytope NP(f) of / in R n the Newton polyhedron of / at infinity 
and denote it by r oo (/). Let qi, ■ ■ ■ ,qi (resp. 71, ... , 7//) be the 0-dimensional (resp. 1- 
dimensional) faces of r oo (/) such that q^ G Int(IR™) (resp. the relative interior rel.int(7j) 
of 7^ is contained in Int(R")). For each qi (resp. 7$), denote by di > (resp. > 0) its 
lattice distance dist(gj, 0) (resp. dist(7i,0)) from the origin G MJ 1 . For 1 < i < I', let 
Ai be the convex hull of {0} U 7* in R n . Then for A G C \ {1} and 1 < i < V such that 
X £i = 1 we set 

n(X)i = ${v G Z n nrel.int(A ? -) | ht(v,^) = k} + ${v G Z n nrel.int(A,-) | ht(v,^) = e.-k}, 

(1.4) 

where k is the minimal positive integer satisfying A = Ce, (Ce* = exp(27r\/— 1/e,)) and for 
v G Z™ fl rel.int(Aj) we denote by ht(v, 7$) the lattice height of v from the base 7$ of Aj. 
Then in Section [5] we prove the following result which describes the number of Jordan 
blocks for each fixed eigenvalue A 7^ 1 in 5>£Li. Recall that by the monodromy theorem 
the sizes of such Jordan blocks are bounded by n. 

Theorem 1.1 In the situation as above, for any A G C* \ {1} we have 

(i) The number of the Jordan blocks for the eigenvalue A with the maximal possible size n 
in^Z-i- H n -\f-\R);C) ^ H n - l (f-\R)-X) (R^>0)is equal to%{ qi \ A di = 1}. 

(ii) The number of the Jordan blocks for the eigenvalue A with size n — 1 in is 
equal to \^=i n Wi- 

Namely the nilpotent parts for the eigenvalues A 7^ 1 in the monodromy at infinity 3>J£Li 
are determined by the lattice distances of the faces of r oo (/) from the origin G R n . The 
monodromy theorem asserts also that the sizes of the Jordan blocks for the eigenvalue 1 
in are bounded by n — 1. In this case, we have the following result. Denote by Uf 
the number of the lattice points on the 1-skeleton of dT 00(f) flint (M"). We say also that 
7 -< ^ 00(f) is a face at infinity of T 00(f) if G- 7. For a face at infinity 7 -< r oo (/), denote 
by Z*(7) the number of the lattice points on the relative interior rel.int(7) of 7. 
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Theorem 1.2 (i) The number of the Jordan blocks for the eigenvalue 1 with the max- 
imal possible size n — 1 in is Hf. 

(ii) The number of the Jordan blocks for the eigenvalue 1 with size n — 2 in is 
equal to 2 ^ 1 l*{ r i), where 7 ranges through the faces o/r oo (/) a£ infinity such that 
dim7 = 2 and rel.int(7) C Int(R"). In particular, this number is even. 

Roughly speaking, the nilpotent part for the eigenvalue 1 in the monodromy at infinity 
is determined by the convexity of the hypersurface 9roo(/)nInt(R"). Thus Theorem 
11.11 and 11.21 generalize the well-known fact that the monodromies of quasi-homogeneous 
polynomials are semisimple. Moreover we will also give a general algorithm for computing 
the numbers of Jordan blocks with smaller sizes. See Section [5] for the detail. 

This paper is organized as follows. In Section [21 after recalling some basic notions we 
give some generalizations of the results in Danilov-Khovanskii [5j which will be effectively 
used later. In Section [3j we recall some basic definitions on monodromies at infinity and 
review our new proof in [28] of Libgober-Sperber's theorem [21] on the semisimple parts 
of monodromies at infinity. 

In Section HJ we prove global analogues of the results in Denef-Loeser [5] and [TJ. 
Namely by mimicking their construction, we introduce motivic Milnor fibers at infinity 
and prove basic results. Note that after our introduction of motivic Milnor fibers at 
infinity in the preliminary version arXiv:0809.3149v7 of (28] Raibaut [35] introduced the 
same notion. Some deep results in Sabbah pTB], [3B] and [39] will be used to justify 
our arguments. Then in Section [5J by rewriting these results in terms of the Newton 
polyhedron at infinity r oo (/) with the help of the results in Section [21 we prove some 
combinatorial formulas for the Jordan normal form of the monodromy at infinity 
We obtain also a global analogue of the Steenbrink conjecture proved by Varchenko- 
Khovanskii [50] and Saito [JT] • In Section El without assuming that / is tame at infinity, 
we prove some general results on the upper bounds for the sizes and the numbers of Jordan 
blocks in the monodromies at infinity <3>°°. Finally in Section [JJ, we apply our methods also 
to local Milnor monodromies and obtain results completely parallel to Theorem 11.11 and 
11.21 etc. We thus find a striking complete symmetry between local and global. Note that 
in the recent preprint [H] the results in this paper were generalized to the monodromies 
over complete intersection subvarieties in C n . 

Acknowledgement: We thank Prof. Schiirmann and Dr. Raibaut for pointing to 
us the fact that our motivic Milnor fiber at infinity SJ 3 of / does not depend on the 
compactification of C n by [T71 Theorem 3.9]. We are also grateful to Prof. Sabbah for 
several discussions and kindly permitting us to use his unpublished important results in 
this paper. 

2 Preliminary notions and results 

In this section, we introduce basic notions and results which will be used in this paper. 
In this paper, we essentially follow the terminology of [9], [IB] and [T9]. For example, 
for a topological space X we denote by T) b (X) the derived category whose objects are 
bounded complexes of sheaves of Cx-modules on X. For an algebraic variety X over 
C, let D^(X) be the full subcategory of D b (X) consisting of constructible complexes of 
sheaves. In this case, for an abelian group G we denote by CFg(X) the abelian group 
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of G-valued constructible functions on X. Let C(t)* = C(t) \ {0} be the multiplicative 
group of the function field C(t) of the scheme C. In this paper, we consider CFg{X) 
only for G = Z or C(t)*. For a G- valued constructible function p: X — > G, by taking 
a stratification X = \_\ a X a of X such that p\x a is constant for any a, we set J x p : = 
J2 a x(X a ) ' p( x a) £ G, where x a is a reference point in X a . Then we can easily show 
that J x p £ G does not depend on the choice of the stratification X = |J X a of X. More 
generally, for any morphism /: X — > Y of algebraic varieties over C and p £ CFq(X), 
we define the push-forward J^P £ CF G (F) of p by (ffP)(y) '■= ff-i( y \P f° r 2/ £ Now 
recall that for a non-constant regular function / : X — > C on a variety X over C and the 
hypersurface X := {x £ X \ f(x) = 0} C X there exists a nearby cycle functor 

tf/iD'PO— >D»(X ) (2-1) 

defined by Deligne (see [9j Section 4.2] for an excellent survey of this subject). As we 
see in the next proposition, the nearby cycle functor i{)f generalizes the classical notion 
of Milnor fibers. In the above situation, for x £ X denote by F x the Milnor fiber of 
/: X — > C at x (see for example for a review on this subject). 

Proposition 2.1 ([9, Proposition 4.2.2]) For any 7 £ ~D b c (X), x £ X and j £ Z, 

there exists a natural isomorphism 

~H*(i(> f (F)) x . (2.2) 

By this proposition, we can study the cohomology groups if J (F x ;C) of the Milnor 
fiber F x by using sheaf theory. Recall also that in the above situation we can define the 
Milnor monodromy operators 

$ 3> : H\F X - C) ^ H\F X - C) (j = 0, 1, . . .) (2.3) 

and the zeta function 

oo 

CfAt) ■= II det ( id - /<i *m) 1 e c(ty (2.4) 

associated with it. This classical notion of Milnor monodromy zeta functions can be also 
generalized as follows. 

Definition 2.2 Let /: X — > C be a non-constant regular function on X and Xo := 
{x £ X | f(x) = 0} the hypersurface defined by it. Then for J 7 £ D^(X) there exists a 
monodromy automorphism 

$(7-) : ^)^/(-n (2-5) 

of ipfiJ 7 ) in D^(X ) (see e.g. P Section 4.2]). We define a C(i)*-valued constructible 
function (/(J") £ CF C (t)*(X ) on X by 

CfAFW ■= n det ( id - t^hJ'^ e C W* (2-6) 

for x £ X , where ^(J 7 )^: (Hi(i) f (F))) x {W {ij)f(F))) x are induced by $(.F). 
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For the proof of the following proposition, see for example, [9j p. 170-173]. 

Proposition 2.3 Let tt: Y — > X be a proper morphism of algebraic varieties over C 
and f: X — > C a non-constant regular function on X. Set g := f o n: Y — > C, 
X := {x G X | f(x) = 0} and Y := {y G Y \ g(y) = 0} = n- l (X ). Then for any 
G G B b c (Y) we have 

Cg(Q) = (f(Rn*G) (2.7) 

in CF C (t)*(X ), where : CF c{t) *(Y ) — > GF C (t)*(X ) is the push-forward of C(t)*- 
valued constructible functions by ti\y - Yq — > X . 

From now on, let us introduce our slight generalizations of the results in Danilov- 
Khovanskii [5]. 

Definition 2.4 Let g(x) = Ylvez™ a v xV ( a v G C) be a Laurent polynomial on (C*) n . 

(i) We call the convex hull of supp(g) := {v G Z n \ a v ^ 0} C Z n in IR n the Newton 
polytope of g and denote it by NP(g). 

(ii) For u G (M n )*, we set T(g;u) := {v G NP(g) | (u,v) = mm we NP( g *)(u, w) }. 
(hi) For u G (M n )*, we define the w-part of g by g u (x) := Y^veT(g-u) a vX v ■ 

Definition 2.5 (| |21j ) Let g be a Laurent polynomial on (C*) n . Then we say that the 
hypersurface Z* = {x G (C*) n | g(x) = 0} of (C*) n is non-degenerate if for any u G (R n )* 
the hypersurface {x G (C*) n | g u (x) = 0} is smooth and reduced. 

In the sequel, let us fix an element r = (ri,...,T n ) G T := (C*) n and let g be a 
Laurent polynomial on (C*) n such that Z* = {x G (C*) n | g(x) = 0} is non-degenerate 
and invariant by the automorphism l T : (C*) n —> (C*) n induced by the multiplication by 

rx 

t. Set A = NP(g) and for simplicity assume that dimA = n. Then there exists /3 G C 
such that l*g = g o l T = (3g. This implies that for any vertex v of A = NP(g) we have 
t v = t^ 1 • • • r^ n = 0. Moreover by the condition dimA = n we see that T\, r 2 , . . . , r n are 
roots of unity. For p, q > and k > 0, let h p,q (H k (Z*; C)) be the mixed Hodge number 
of H k (Z*;C) and set 

e™(Z*) = Y^{-^) k h PA {H k c (Z*- C)) (2.8) 

as in [5]. The above automorphism of (C*) n induces a morphism of mixed Hodge struc- 
tures I*: H k (Z*;C) —^t- H k (Z*;C) and hence C-linear automorphisms of the (p, g)-parts 
H k (Z*;C) p ' q of H k (Z*;C). For a G C, let h?> q (H k (Z*;C)) a be the dimension of the 
a-eigenspace H k (Z*; C)% q of this automorphism of H k (Z*; C) p ' q and set 

e p ' q (Z*) a = ^{-l) k h M {H k c {Z*- C)) a . (2.9) 

k 

Since we have Z£ = id^» for some r ^> 0, these numbers are zero unless a is a root of 
unity. Obviously we have 

e p > q (Z*) = e p ' q {Z*) a , e p ' q {Z*) a = e q ' p {Z*)a- (2.10) 
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In this setting, along the lines of Danilov-Khovanskii [5] we can give an algorithm for 
computing these numbers e p ' q (Z*) a as follows. First of all, as in Section 3] we can 
easily obtain the following result. 

Proposition 2.6 For p, q > such that p + q > n — 1, we have 

I {otherwise), 
(we used the convention (?) =0 (t) < a < b) for binomial coefficients). 

Proof. If p + q > n — 1, we have H^(Z*; C) p,q = for k < n — 1. Moreover for p, g > 
such that p + q > n — 1 and > n — 1 the Gysin homomorphism 

% >q : # c fc (Z*; C) M — >• # 6 fe+2 ((C*) n ; C) p+1 ' 9+1 (2.12) 

is an isomorphism by [5], Proposition 3.2]. Since for such p, q and k there exists a com- 
mutative diagram 

H*(Z*; C)™ ^ ► F c fc+2 ((C*) n ; Q p+1 ^ +1 (2.13) 



H*{Z*- C) p > q ^ > H* +2 ((C*) n ; Q p+hq+l 

and l T : (C*) n (C*) n is homotopic to the identity of (C*) n , we obtain isomorphisms 

H k c (Z*- C) p a q ~ # c fe+2 ((C*) n ; C)i 



rA-2, , , , . r vjH-i,ff+i _ Jc^ +1 ) (A; = n + p - 1, a = 1 and p = q), 



(otherwise). 

Then the result follows from the definition of e p ' q (Z*) a . This completes the proof. □ 

For a vertex w of A, consider the translated polytope A w := A — w such that -< A w 
and r v = 1 for any vertex v of A w . Then for aGC and > set 

P(JfeA) a = e lnt(kA w ) n Z n r" = «} 6 Z + := Z> (2.15) 

and 

Z(fcA) Q = ${v e (kA w ) nz n \ t v = a} e Z+. (2.16) 

We can easily see that these numbers l*(kA) a and l(kA) a do not depend on the choice of 
the vertex w of A. Next, define two formal power series P a (A;t) = Yli>o t Pa,i(^)t i an d 
g a (A;t) = X) i >oV'a,i(A)t i bjr ^' 

P a (A; t) = (1 - t) n+1 | ^ T(A;A) a t fc 1 (2.17) 

I fc>0 J 



and 



Q a (A; t) = (1 - t) n+1 | ^ Z(£A) Q i fc 1 (2.18) 

I fc>0 J 
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respectively. Then we can easily show that P a (A;t) is actually a polynomial as in [5j 
Section 4.4]. Moreover as in Macdonald [2B], we can easily prove that for any a G C* the 
function h^^ a (k) := l(kA) a -i of k > is a polynomial of degree n with coefficients in Q. 
By a straightforward generalization of the Ehrhart reciprocity proved by [26], we obtain 
also an equality 

hA, a (-k) = (-l) n l*(kA) a (2.19) 
for k > 0. By an elementary computation (see [51 Remark 4.6]), this implies that we have 

(p a ,i(A) = </> a -i, „+!-,( A) (i G Z). (2.20) 

In particular, Q a (A;t) = ^> o '0a,i(A)r is a polynomial for any a G C*. 

Theorem 2.7 In the situation as above, we have 

Ve-m = J(- 1 ) P+n+1 U 1 ) + (-l) n+ W P (A) (« = 1), f2 2n 

V 1 (-!)" + Wp(A) (a^l). 



Proof. Let Si be the dual fan of A in R™*. Then we can construct a subdivision E of Ei 
such that the toric variety Xy, associated with it is smooth and projective. Moreover, there 
exists a T-equivariant line bundle Ox s (A) on X s whose global section r(X s ; Ox s (A)) 
is naturally isomorphic to the space {J2veAnz n °"" xV \ a v £ C} of Laurent polynomials 
with support in A PI Z n (see [51 Section 2] and [33J, Section 2.1] etc.). Since the Laurent 
polynomial g is a section of Ox s (A), we obtain an isomorphism Ox E (A) ~ 0x E (Z*). 
Then by using the isomorphism 

T(X S ; Xs (A)) ^ T(X S ; Ox E (^)) (2.22) 

and the pull-back of the meromorphic functions in r(X%] Ox s {Z*)) by l T , we can define 
an action I* of r G (C*) n on T(X S ; Ox s (A)) ~ {E„eAnZ« a ^ I a " e C i- Note that this 
action Z* is different from the one constructed in [321 Section 2.1 and 2.2] by using the 
T-equivariance of the line bundle Ox s {A). From now on, we shall describe the action I* 
explicitly. For an n-dimensional cone a G E, let v a -< A be the 0-dimensional supporting 
face of a in A and U a ~ C™ the affine open subset of X^ which corresponds to a. More 
precisely we set U a = Spec(C[cr v D II 1 ]). Then on U a ~ C™ we have 

g(y) = y<? ■■■y^x g a (y) (a, G Z), (2.23) 

where g a is a polynomial such that NP(g a ) = A V,T = A — v a . Namely, in U a the hyper- 
surface Z* C Xy, is defined by Z* = {g a = 0}. Hence there exists an isomorphism 

r(u a , o Xs ) r(u a , o Xs m) (2.24) 

given by 

a v x° 1 — > — a v x v . (2.25) 

«6ff v nZ n ^ a v£a v r\2, n 

Since we have l*g G = g a o l T = g a by the construction of g a , via the isomorphism B, 
the action I* of r G (C*) n on r(U a ; Ox s (Z*)) corresponds to the automorphism of 
r{U a ; Xs ) ^ C[<r v n Z n ] defined by 

^ a.x 1 '^ a v r v x v . (2.26) 
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On the other hand, there exists also a natural injection 

T(X E ; Xs (A)) w r(U a ; Xs ) (2.27) 

given by 

J2 avx v ► ^ a^ - "". (2.28) 

weAnz n -i)6o- v nz n 

Then by the commutative diagram 

r(X 2 ; Ox E (A))c ° > r(l7 ff ; Ox E ) (2.29) 



A ! 



B 



r(x s; o Xj ,(z*)Y > r(u a] o Xs (z*)), 

we see that the action I* on r(X% Xs (A)) is given by 

avx v i—)- avT v ~ v 'x v . (2.30) 

ueAnZ" -ueAnz™ 

Note that this morphism does not depend on the choice of the n-dimensional cone a G E. 
From now on, we will describe also a natural action of r G T = (C*) n on .T(Xe; Xs (kA)) 
for > 1. For > 1, let g/~ be a Laurent polynomial on (C*) n such that NP(gk) = kA 
and Zl = {x G (C*) n | Qk{x) = 0} is non-degenerate and stable by the automorphism 
l T : (C*) n —^t- (C*) ra . Such a Laurent polynomial always exists (see Lemma T5.2I below) . 
Since we have Xj: (A)® k ~ Xs (kA), the k-th power g k of the Laurent polynomial 
g is a section of Xs (kA) satisfying the condition divg k = kZ*. Therefore we obtain 
isomorphisms 

Xsi (kA) ~ <D Xs (Z$ ~ Xss (kZ*) (2.31) 

and the Weil divisors Z| and kZ* are naturally equivalent. Now let a G £ be an n- 
dimensional cone. Then on U a ~ C™ we have 

g\y) = y k i ai ---yn an xgt(y), (2.32) 
g k (y) = yi ai ---y k n^{9k)M, (2.33) 

where {gk)a is an Z*-invariant polynomial on U a ~ C™. From this, we see that the rational 

k 

function — on X-p, is Z*-invariant and 

9k 



div ( 9 — ) = kZ* - Z* (2.34) 



on the whole X^,. Then there exists an isomorphism 

r{x^o x ^)) r{x^o x ^zl)) 



(2.35) 

9" 

if 1 — > — x if 

9k 
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and a commutative diagram 



(2.36) 



D 



D 



r(X s ; Ox E (A;A)) T(X E ; 0x E (A;A)), 

where the upper and middle horizontal arrows are the pull-backs of meromorphic functions 
on X-£ by l T and by taking a vertex w of kA the bottom horizontal arrow is defined by 



E 



E 



(2.37) 



Moreover, let Z?i, . . . , D m be the (smooth) toric divisors on X E such that X E \ (IJHi ^ 
(C*) n and for < p < n set D = \J? =l D t and 



t=l 



(2.38) 



as in [5J Section 1.11]. Then there exists a well-known isomorphism 



1=1 



given by 



dx Vl dx Vp 
(vi A • • - A v p ) <g) <f 1 — > <f x — A • • ■ A 



x 



where G Z n and G Cx E (— ^) c C-Xs- Since we have 



dx Vl 

x vi 



A • • • A 



dx Vp \ dx 



x"p 



x vi 



A • ■ • A 



X"p 



for any > 1 and < p < n we obtain a commutative diagram 

r(x E; nj^Cfcl 5 )) = ► r(x E ; n^W) 



(2.39) 



(2.40) 



(2.41) 



(2.42) 



A P ^™ ®Z \ Z^ G Int(fcA)nZ> 1 



A P ^ n ®z S S« 6 int(fcA)nZ« 



where we set d)(^*) = ^pc E d) ®°x^ @x s (kZ*) and by taking a vertex w of A;A 



the bottom horizontal arrow is induced by 

a v x v ^ a v r v ~ w x v . 
ueint(fcA)nz™ «eint(fcA)nz ri 

By using this explicit description of 

r T : r(x^Q p {XsD) (kz^)) ^ r(x^Q p {XsD) (kz^)), 



(2.43) 



(2.44) 



the assertion can be proved just by following the proof for the formula in |5] Section 4.4]. 
This completes the proof. □ 
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With Proposition 12.61 and Theorem 12.71 at hands, we can now easily calculate the 
numbers e p,q (Z*) a on the non-degenerate hypersurface Z* C (C*) n for any a G C as in 
Section 5.2]. Indeed for a projective toric compactification X of (C*) n such that the 
closure Z* of Z* in X is smooth, the variety Z* is smooth projective and hence there 
exists a perfect pairing 

H p ' q {Z*\ C) a x H n - 1 - p ' nr - 1 ~ q (Z*; C) a -i — >■ C (2.45) 

for any p, q > and a G C* (see for example [SD Section 5.3.2]). Therefore, we obtain 
equalities e p ' q (Z*) a = e n ~ 1 ~ p,n ~ 1 ~ q (Z*) a -i which are necessary to proceed the algorithm 
in [5j Section 5.2]. We have also the following analogue of [5j Proposition 5.8]. 

Proposition 2.8 For any a G C and p > we have 

e p > (Z*) a = e°> p (Z*)a = (-l) n - 1 Yl r ( r )«- (2-46) 

dimr=p+l 

The following result is an analogue of [5j Corollary 5.10]. For a G C, denote by n(A) Q 
the number of the lattice points v = (v±, . . . , v n ) on the 1-skeleton of A w = A — w such 
that t v = a, where w is a vertex of A. 

Proposition 2.9 In the situation as above, for any a G C* we have 



m ^ J(-i)~;cn(A).-i> (« = i), (2 47) 



Proof. By Theorem 12.71 Proposition 12.81 and the equality (12.201) . the assertion can be 
proved as in the proof [SI Corollary 5.10]. □ 

For a vertex w of A, we define a closed convex cone Con(A,w) by Con(A, w) = 
{r-(v-w) | r G R+, u G A} c M n . 

Definition 2.10 Let A be an n-dimensional integral polytope in (M n ,Z n ). 

(i) (see [3 Section2.3]) We say that A is prime if for any vertex w of A the cone 
Con(A, w) is generated by a basis of W 1 . 

(ii) We say that A is pseudo-prime if for any 1-dimensional face 7 -< A the number of 
the 2-dimensional faces 7' -< A such that 7 -< 7' is n — 1. 

By definition, prime polytopes are pseudo-prime. Moreover any face of a pseudo-prime 
polytope is again pseudo-prime. 

Definition 2.11 ([3]) Let A and A' be two n- dimensional integral polytopes in (R n , Z n ). 
We denote by som(A) (resp. som(A')) the set of vertices of A (resp. A'). Then we say that 
A' majorizes A if there exists a map 1 P ': som(A') — > som(A) such that Con(A, ty(w)) C 
Con(A',w;) for any vertex w of A'. 
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For an integral polytope A in (M^Z 71 ), we denote by the toric variety associated 
with the dual fan of A. Recall that if A' majorizes A there exists a natural morphism 
A a' — > 



Proposition 2.12 Let A and Z\ = Z* with an action ofl T be as above. Assume that an 
n- dimensional integral polytope A' in (IR n ,Z ri ) majorizes A by the map som(A') — y 
som(A). Then for the closure Z* of Z* in X& we have 

E = e (-D— ■ { (^) - J } 

min{6 r ,p} v 

+ E (-l) dimr+1 E nC-lJVMtavcn-P+iW)), (2-48) 
r-<A' i=o ^ ' 

where for T ~< A' we set &r — dimr — dim\E'(r). 



Proof. Since the toric variety X/y has the decomposition = Ur-<A' into T-orbits 
T r ~ (C*) dimr andFnr r ~ (C*) br x Z* (r) , by Theorem Owe have 

E eM (^)i = E E eP ' 9 (( C *) 6r x ^*(r))i (2-49) 

minjbriP} 



E E [ (-^^E^'^^r))! (2-50) 
r^A' 8=0 ^ ' q 

min{6 r ,p} , . 

E E ( ) (-i) i+6r x (-i)"( r ) +i 

r^A' i=o ^ ' 

x {("^(j^l-i) +^,di^(r)- P+i (*(r))}. (2.51) 



Then the result follows from the simple calculations 

min{6r >p} 



/dimr\ = /dim*(T) + &A = /dim*(r)\ /&A / 6 r \ 

Vp + V V P + l J \p + l-i)\i) \p+l)' { ' ' 



□ 



From now on, we assume that A = NP(g) is pseudo-prime. Let £ be the dual fan of 
A and X^, the toric variety associated to it. Then except finite points Xy, is an orbifold 
and the closure Z* of Z* in X% does not intersect such points by the non-degeneracy 
of g. Hence Z* is an orbifold i.e. quasi-smooth in the sense of [5J Proposition 2.4]. In 
particular, there exists a Poincare duality isomorphism 

[H p ' q {W; C) J* ~ #»-i-p.»-i-9(^* ; C) a _i (2.53) 

for any a G C* (see for example [3] and [HI Corollary 8.2.22]). Then by slightly generaliz- 
ing the arguments in [5] we obtain the following analogue of [5j Section 5.5 and Theorem 
5.6]. 
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Proposition 2.13 In the situation as above, for any a G C \ {1} and p, q > 0, we have 

— { -E^^^W-pin (p + q = n-l), 

e p >\Z*) a = I rxA (2.54) 
[ {otherwise), 

e?*(Z*) a = (-1)"+*-* {^(-^^'^dimr'-^nl. (2.55) 

dimr=p+g+l 

Proposition 2.14 In the situation as above, we have 
(i) For p, q > such that p ^ q, we have 

- y^(-l) dlmr V?l,dimr-max{p,g}(r) (p + q = U - I) , 

e™(Z*) x = { rxA (2.56) 

(otherwise). 



(ii) For p > 0, we have 



;_ ir i £ (- 1 ) dimr (^i) (2p>n-l), 



e p ' p (Z*) 1 = I 



r-<A 

dimr>p+l 

, / dimr\ 



ir , y, (- 1 ) dlmr J (*<»-!), 



r-<A 

dimr>n— p 



E(- 1 ) dmr { (- - VLdhnr-pCT)} (2p = n - 1). 
r^A ^ ^ ' ' 

(2.57) 



From this proposition and the proof of [5] Theorem 5.6], we obtain also the formula 



for &«(Z*) X . For a G C \ {1} and a face r -< A, set <p a (T) = ^ d ™ r ^w(r). Then 
Proposition 12.131 can be rewritten as follows. 

Corollary 2.15 For any a G C \ {1} an<i r > ; we have 

E eP ' q ( Z *)« = (- 1 ) n+r E j E (-l) dlmr V a (r') } • (2.58) 
o+ q =r r-<A Ir'^r J 



dimr=r+l 



The following lemma will be used in Section [71 



Lemma 2.16 Let 7 be a d- dimensional prime polytope. Then for any < p < d we have 

E(-')"(t r ) =B- 1 > J+dM (j ta D' (2 - 59) 

Proof. For a polytope A, denote the number of the j-dimensional faces of A by /aj and 
set /a,-i = 1- Let 7 V be the dual polytope of 7. Then 7 V is simplicial and we have 
/ 7 v j = f l d _i_j for any < j < d. Hence (I2.59P follows from the Dehn-Sommerville 
equations for simplicial polytopes. □ 
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3 Semisimple part of monodromies at infinity 



In this section, we recall some basic definitions on monodromies at infinity and review 
our new proof in [28] of Libgober-Sperber's theorem [24|. Let f(x) be a polynomial on 
C n . Then as we explained in Introduction, there exist a locally trivial fibration C n \ 
f~ x {Bj) — > C \ Bf and the linear maps 

*J>:Hl(f-\R);C)^+Hl(f-\Ry,C) (j = 0, 1, . . .) (3.1) 

(R 3> 0) associated to it. To study the monodromies at infinity we often impose the 
following natural condition. 

Definition 3.1 ([21]) Let df:C n — > C n be the map defined by df(x) = 
(dif(x),...,d n f(x)). Then we say that / is tame at infinity if the restriction 
(df)~ 1 (B(0; e)) — > B(0;e) of df to a sufficiently small ball -8(0; e) centered at the 
origin G C n is proper. 

The following result is fundamental in the study of monodromies at infinity. 

Theorem 3.2 (Broughton [2 J and Siersma-Tibar |43j) Assume that f is tame at 
infinity. Then the generic fiber f~ l {c) (c G C\Bf) has the homotopy type of the bouquet 
of (n — 1) -spheres. In particular, we have 

H\f- 1 (c);C) = C/V 0,n-l). (3.2) 

By this theorem if / is tame at infinity, then is the only non-trivial monodromy 
at infinity and its characteristic polynomial is calculated by the following zeta function 
Cf(t)GC(t)*. 

Definition 3.3 We define the monodromy zeta function at infinity Cf°{t) of / by 

oo 

q°(t) := Y[ det(id - t$?)(- 1 '> i G C(t)*. (3.3) 

j=0 

Definition 3.4 ([24j) We call the convex hull of {0} U NP(f) in lR n the Newton poly- 
hedron at infinity of / and denote it by r oo (/). 

For a subset S C {1,2,..., n}, let us set 

R s ■= { v = (v u v 2 ,...,v n ) ER n \vi = for i $ S} ~ M fl5 . (3.4) 

We set also r^(/) = r oo (/) fl 1R 5 . Recall that / is convenient if we have dimr^(/) = (JS 1 
for any S C {1, 2, ... , n}. 

Definition 3.5 (|21|) We say that f(x) = Yli V & n a v xV ( a v G C) is non-degenerate at 
infinity if for any face 7 of r oo (/) such that 0^7 the complex hypersurface {x G 
(C*) n I f-y(x) = 0} in (C*) n is smooth and reduced, where we set / 7 (x) = X^e-ynz" a v x% '■ 
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If / is convenient and non-degenerate at infinity, then by a result of Broughton [2] it 
is tame at infinity. In this case, the monodromy zeta function Cf(t) nas the following 
beautiful expression. For each non-empty subset S C {1, 2, . . . , n}, let {j^ , 7^ , . . . , J^s)} 
be the ((jS 1 — l)-dimensional faces of r^(/) such that ^ 7?. For 1 < i < n(S), let 
uf G (1R 5 )* fl Z 5 be the unique non-zero primitive vector which takes its maximum in 
^ 00(f) exactly on 7f and set 

df := max (uf,v) G Z >0 . (3.5) 
eerg,Cf) 

We call (if the lattice distance of 7/ from the origin G M s . For each face 7f -< r^(/), 
let L(7f ) be the smallest affine linear subspace of M n containing jf and Volz(7f ) G Z >0 
the normalized ($S — l)-dimensional volume (i.e. the (§S — 1)! times the usual volume) 
of 7f with respect to the lattice Z n fl h^f). 

Theorem 3.6 ([24] . see also [28] for a slight generalization ) Assume that f is convenient 
and non- degenerate at infinity. Then we have 

cn*) = ncft(*), (3 - 6) 

where for each non-empty subset S C {1,2, ... ,n} we set 

n(S) 

C - ( t ) := - i^f)(-i) ,fl - 1 Vo««(Tf). (3.7) 

i=i 

This theorem was first proved by Libgober-Sperber [21]. Here for the reader's con- 
venience, we briefly recall our new proof in [28] which will be frequently used in this 
paper. 

Proof. Let j : C c — > P 1 = C U {00} be the compactification and set T := j\(Rf\Ccn) g 
D^P 1 ). Take a local coordinate h of P 1 in a neighborhood of 00 G P 1 such that 00 = 
{h = 0}. Then by the isomorphism Hjif-^R); C) ~ H* n - 2 ~i (f-\R)- C) we see that 

C/°(*) = Ch,oo(^)(*)eC(*r. (3.8) 

Now let us consider C n as a toric variety associated with the fan S in IR n formed by the 
all faces of the first quadrant 1R™ := (JR> ) n C R n . Let T ~ (C*) n be the open dense 
torus in it. Then by the convenience of /, S is a subfan of the dual fan Si of r oo (/) 
and we can construct a smooth subdivision S of Si without subdividing the cones in So 
(see e.g. [33], Lemma (2.6), Chapter II, page 99]). This implies that the toric variety Xs 
associated with S is a smooth compactification of C™. Recall that T acts on X^, and the 
T-orbits are parametrized by the cones in S. For a cone a G S denote by T a ~ (£*)n- dimff 
the corresponding T-orbit. We have also natural affine open subsets C n (cr) ~ C n of 
associated to n-dimensional cones a in S. Let a be an n-dimensional cone in S and 
\w\, . . . ,w n } C Z n the set of the primitive vectors on the edges of a. Then there exists 
an affine open subset C n (cr) of X^, such that C n (a) ~ C™ and / has the following form 
on it: 

f(y) = £ a ^ wi,v) ■ ■ ■ y { n n,v) = y h i--- y b n x Uv), ( 3 - 9 ) 
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where we set / = Yliv& n a v% v , 



bi= min <«;*, u> < (i = 1,2, ...,n) (3.10) 



and f a {y) is a polynomial on C n (cr) ~ C™. In C n (cr) ~ the hypersurface Z := / _1 (0) C 
Xy, is explicitly written as {y G C n (cr) | f a (y) = 0}. The variety X^ is covered by such 
affine open subsets. Let r be a d- dimensional face of the n-dimensional cone ueE. For 
simplicity, assume that w±, . . . ,Wd generate r. Then in the affine chart C ri (cr) ~ C™ the 
T-orbit T r associated to r is explicitly defined by 

T T = {(yi, . . . ,y n ) e C» | y x = • • • = y d = 0, y d+1 , ...,y n ^0}~ (C*)"" d . 

Hence we have 



X E = |J C» = □ T T . (3.11) 



dim a=n tSE 



Now / was extended to a meromorphic function / on X^, but / has still points of 
indeterminacy. From now on, we will eliminate such points by blowing up X%- For a cone 
a in S by taking a non-zero vector u in the relative interior rel.int (cr) of a we define a 
face 7(a) of T 00 (/) by 



l{(r) = <veT o0 (f) (u,v}= min («,«;) . (3.12) 

This face 7(a) does not depend on the choice of u € rel.int (cr) and is called the supporting 
face of a in r oo (/). Following [21], we say that a T-orbit T CT in X-% is at infinity if ^ 7(0"). 
In our situation (i.e. / is convenient), this is equivalent to the condition cr <£_ M". We can 

easily see that / has poles on the union of T-orbits at infinity. Let p±, p 2 , ■ ■ ■ , p m be the 
1-dimensional cones in E such that pi <f_ R" and set T = T p . . Then T\ , T 2 , . . . , T m are the 
(n — l)-dimensional T-orbits at infinity in X-%. For any % = 1,2, ... , m the toric divisor 
-Dj := Tj is a smooth hypersurface in X^ and the poles of / are contained in Di U • • • U.D m . 
Moreover by the non-degeneracy at infinity of /, the hypersurface Z = / _1 (0) in X E 
intersects Dj := f] iGl Di transversally for any non-empty subset I C {1,2, ...,m}. At 
such intersection points, / has indeterminacy. Furthermore we denote the (unique non- 
zero) primitive vector in p^ D Z™ by U{. Then the order a, > of the pole of / along Di is 
given by 

a, ; = — min (ui,v). (3.13) 
verify 

Now, in order to eliminate the indeterminacy of the meromorphic function / on X-%, we 
first consider the blow-up ix\ : — > X E of X E along the (n — 2) -dimensional smooth 
subvariety D\C\Z. Then the indeterminacy of the pull-back /o7Ti of / to is improved. 
If / o 7Ti still has points of indeterminacy on the intersection of the exceptional divisor Ei 

-(2) , y(l' 



of 7Ti and the proper transform Z^ of Z, we construct the blow-up 7r 2 : 



along Tvi fl Z^\ By repeating this procedure a\ times, we obtain a tower of blow-ups 

X^ l] — )• — ► — )• X s . (3.14) 

Then the pull-back of / to X^ has no indeterminacy over T\ (see the figures below). 
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-a t -(fli-1) -01 -(m-1) ■■■ 1 

Figure 1 Figure 2 Figure 3 

Next we apply this construction to the proper transforms of D 2 and Z in X^ 1 . Then 
we obtain also a tower of blow-ups 

j^(ai)(a 2 ) ^ j_ j^(ai)(l) ^ (3 ]_tQ 

and the indeterminacy of the pull-back of / to X^ 1 ^ 0,2 ^ is eliminated over T\ U T 2 . By 
applying the same construction to (the proper transforms of) D 3 , D4, . . . , D m , we finally 
obtain a birational morphism^7r: Xs — > X-% such that g := / o tt has^no point of 
indeterminacy on the whole X^. Note that the smooth compactification X^ ofjC n thus 
obtained is not a toric variety any more. We shall explain the geometry of X^, more 
precisely in the proof of Lemma 14.91 In particular, we will see that the union of^the 
exceptional divisors of it: Xy, — > Xy, and the proper transforms of Di, . . . , D m in X^ is 
normal crossing. Finally we get a commutative diagram of holomorphic maps 

C nC ^^Xz (3-16) 

/ 9 

where g is proper. Therefore we obtain an isomorphism J 7 = j\(Rf\Ccn) ~ Rg*(i\Ccn) 
in D^P 1 ). Let us apply Proposition 12.31 to the proper morphism g: X^, — > P 1 . 
Then by calculating the monodromy zeta function of ipho g {^c n ) at each point of 
(h ° fi')~ 1 (0) = (? _1 (oo) c X 2 , we can calculate Oi.ooP^XO with the help of Bernstein- 
Khovanskii-Kushnirenko's theorem (see [20] etc.). This completes the proof. □ 



4 Motivic Milnor fibers at infinity 

In this section, following Denef-Loeser [6] and [7] we introduce motivic reincarnations of 
global (Milnor) fibers of polynomial maps and give a general formula for the nilpotent parts 
(i.e. the numbers of Jordan blocks of arbitrary sizes) in their monodromies at infinity. 
Namely, we formulate a global analogue of the results in [6] and [7]. Let /: C n — > C be 
a polynomial map. We take a smooth compactification X of C n . Then by eliminating the 
points of indeterminacy of the meromorphic extension of / to X we obtain a commutative 
diagram 

(4.1) 




such that g is a proper holomorphic map and X \ C n , Y :— g 1 {oo) are normal crossing 
divisors in X. Take a local coordinate h of P 1 in a neighborhood of oo G P 1 such that 
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oo = {h = 0} and set g = hog. Note that g is a holomorphic function denned on a 
neighborhood of the closed subvariety Y = <7 _1 (0) = g~ 1 (oc) C X \ C n of X. Then for 
i? > we have 

Hi(r\R); C) ~ H j (Y; VfrfoCcO)- (4.2) 
Let us define an open subset fl of X by 

fl = Int(i(C n ) U Y) (4.3) 

and set U = fl fl Y. Then U (resp. the complement of fl in X) is a normal crossing 
divisor in fl (resp. X). Hence we can easily prove the isomorphisms 

H^Y-^Ccn)) ~ H j (Y; ipg(i\Cn)) ~ H>(U;ik(Cg)), (4.4) 

where t' : fi c — >■ X is the inclusion. Now let E\, E2, ■ ■ ■ , E^ be the irreducible components 
of the normal crossing divisor U = fldY in fl C X. For each 1 < z < k, let 6j > be the 
order of the zero of g along For a non-empty subset J C {1, 2, . . . , k}, let us set 

E I = f]E i , S? = Si\|J^ ( 4 -5) 

and dj = gcd(6j)j e / > 0. Then, as in [7J Section 3.3], we can construct an unramified 
Galois covering EJ — > EJ of EJ as follows. First, for a point p G EJ we take an affine 
open neighborhood W G fl\ (Ui^jEi) of p on which there exists a local coordinate system 
(i.e. a regular sequence) £1,^2, • • • ,£n such that fl W = {& = 0} for any i £ I. Then 

on W we have # = </i,wr(</2,w) <ij , where we set g ljW = g]] ieI & bi and g 2 ,w = ILe/f/ 1 - 
Note that g± } w is a unit on W and tfe.w : — > C is a regular function. It is easy to see 
that Ej is covered by such affine open subsets W of fl \ (U^/i?i). Then as in [7J Section 
3.3] by gluing the varieties 

% = {(M)eC*x (ej n I ^ = G^r 1 ^)} (4.6) 

together in the following way, we obtain the variety EJ over If W is another such 
open subset and g = gxw'{g^w') dl is the decomposition of g on it, we patch EJ w and 
EJ W , by the morphism (t, z) 1 — > (g^w , (z)(g^w)^ 1 (z) ■ t, z) defined over W fl W . 

Remark 4.1 Let N > be the least common multiple of &i, . . As in Steenbrink 
[44] . by taking the normalization of the base change of g: fl — > C by the iV-th power 
map C — > C we obtain a morphism fl' — > fl. Then it is well-known that the variety 
EJ is obtained as a connected component of the inverse image of EJ by fl' — > fl (see 
Looijenga [25]). Moreover Looijenga [25| Lemma 5.3] proved that EJ — > EJ is the Stein 
factorization of a fiber bundle over EJ, which shows why the term (1 — L)" 7-1 appears in 

(S2D. 

Now for d G Z>o, let fid — Z/Zci be the multiplicative group consisting of the d- roots 
in C. We denote by ft the projective limit lim/x^ of the projective system {//i}j>i with 

d 

morphisms flu — > fa given by t 1 — > t d . Then the unramified Galois covering EJ of EJ 
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admits a natural //^-action defined by assigning the automorphism (t, z) i — > (Cdit, z) of 
Ej to the generator ( dl := exp(27T\/^T/(ij) G Namely the variety Ej is equipped with 
a good /2-action in the sense of [7J Section 2.4]. Following the notations in [7J, denote by 
A4q the ring obtained from the Grothendieck ring Kq (Varc) of varieties over C with good 
/t-actions by inverting the Lefschetz motive L ~ C G KQ(Var c ). Recall that L G K^Varc) 
is endowed with the trivial action of fx. 

Definition 4.2 We define the motivic Milnor fiber at infinity Sf of the polynomial map 

/:C n ^Cby 

5f = ^(l-L)^ 1 [^]G^. (4.7) 

Remark 4.3 By Guibert-Loeser- Merle [T7J Theorem 3.9], the motivic Milnor fiber at 
infinity Sf of / does not depend on the compactification X of C™. This fact was informed 
to us by Schurmann (a private communication) and Raibaut [35] . 

As in [7J Section 3.1.2 and 3.1.3], we denote by HS mon the abelian category of Hodge 
structures with a quasi-unipotent endomorphism. Then, to the object i/jh(j\Rf\Ccn) G 
D^({oo}) and the semisimple part of the monodromy automorphism acting on it, we can 
associate an element 

[Hf] G K (HS mon ) (4.8) 
in an obvious way. Similarly, to iph(Rj*Rf* ( &c n ) G D^!({oo}) we associate an element 

[Gf] G K (HS mon ). (4.9) 

According to a deep result [38, Theorem 13.1] of Sabbah, if / is tame at infinity then the 
weights of the element [G^ 3 ] are defined by the monodromy filtration up to some Tate 
twists (see also [40] and [12] )• This implies that for the calculation of the monodromy at 
infinity : H n -\f-\R); C) H n -\f-\R)- C) (R > 0) of / it suffices to calculate 
[Hf ] G K (HS mon ) which is the dual of [Gf]. 

To describe the element [Hf] G K (HS mon ) in terms of Sf G M^, let 

Xh : A^^K (HS mon ) (4.10) 

be the Hodge characteristic morphism defined in [7] which associates to a variety Z with 
a good /id-action the Hodge structure 

Xh([Z]) = Q)] G K (HS mon ) (4.11) 

with the actions induced by the one z i — > exp(27T\/—l/d)z (z G Z) on Z. Then by 
applying the proof of [61 Theorem 4.2.1] to our situation ( 14. 2 p and (I4.4p . we obtain the 
following result. 

Theorem 4.4 In the Grothendieck group K (HS mon ) ; we have 

[Hf] = Xh(Sf). (4.12) 
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On the other hands, the results in [36] and [38] imply the following symmetry of the 
weights of the element [Hj°] £ K (HS mon ) when / is tame at infinity (see Appendix for 
the details). Recall that if / is tame at infinity we have H 3 c {f~ 1 {R)\ ( C) = (R ^> 0) 
for j ^ n - l,2n - 2 and fl'^- 2 (/- 1 (fl);C) ~ [H°{f- l {R); C)]* ~ C. For an element 
[V] £ K (HS mon ), V £ HS mon with a quasi-unipotent endomorphism 6: V ^ V, p,q > 
and A £ C denote by e p ' 9 ([V])A the dimension of the A-eigenspace of the morphism 
yp,q J1+ yv,i induced by 6 on the (p, g)-part V p ' q of V. 

Theorem 4.5 (Sabbah [36J and [38J) Assume that f is tame at infinity. Then 

(i) Let A £ C* \ {1}. T/ien we have eP' 9 {[Hf]) x = for (p,q) $ [0,n- 1] x [0,n- 1]. 
Moreover for (p, q) £ [0, n — 1] x [0, n — 1] we have 

e p ' q ({H™]) x = e "-i-9>«-i-p([#~ ]) A . (4.13) 

(ii) We /iawe e p ' q {[Hf ]) x = /or (p, g) £ {(n - 1, n - 1)} U ([0, n - 2] x [0, n - 2]) and 
e n ~ 1 ' n ~ 1 ([Hf > ])i = 1. Moreover for (p,q) £ [0,n — 2] x [0, n — 2] we /ictue 

e M ([/Jf ])l = e n-2- ff ,n-2- P Q#oo ( 4 .1 4 ) 

Using our results in Section [5J we can check the above symmetry by explicitly calcu- 
lating Xh(<Sf°) for small n's. Since the weights of [G^] £ K (HS mon ) are defined by the 
monodromy filtration and [G^ ] is the dual of [HJ?] up to some Tate twist, we obtain the 
following result. 

Theorem 4.6 Assume that f is tame at infinity. Then 

(i) Let A £ C*\{1} and k > 1. T/ien £/ie number of the Jordan blocks for the eigenvalue 
A with sizes > k in H^^f-^R^C) ^ H^if-^R); C) (i*> 0) is equal 
to 

( — l) n 1 E e^(x,(5f)) A . (4.15) 

p+g=n— 2+fc,n— 1+fe 

(ii) For k > 1, the number of the Jordan blocks for the eigenvalue 1 with sizes > k in 
$%Li is equal to 

(-ir 1 E ^(xfcC^ 8 ))!- (4.i6) 

p+q=n— 2— fc,n— 1— fe 

By using Newton polyhedrons at infinity, we can rewrite the result of Theorem 14.41 
more neatly as follows. Let / £ <C[x\, . . . convenient polynomial. Assume that 

/ is non-degenerate at infinity. Then / is tame at infinity and it suffices to calculate <3>°° 
only for j — n — 1. From now on, we will freely use the notations in the proof of Theorem 
13.61 For example, pi, . . . ,p m are the 1-dimensional cones in the smooth fan £ such that 
Pi <£. IR™. We call these cones the rays at infinity. Each ray pi at infinity corresponds 
to the toric divisor Di in and the divisor D := D\ U • • • U D m = X% \ C n in Xy, is 
normal crossing. We denote by eij > the order of the poles of / along D^. By eliminating 
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the points of indeterminacy of the meromorphic extension of / to X^ we constructed the 
commutative diagram: 

+ Xs (4.17) 

9 



+ P 1 . 



Recall that in the construction of X s we first construct a tower of blow-ups over D 1 n/ _1 (0) 
and next apply the same operation to the remaining divisors D 2 , . . . , D m (in this order). 
See the proof of Theorem 13.61 and Lemma 14.91 for the details. Take a local coordinate 
h of P 1 in a neighborhood of oo G P 1 such that oo = {h = 0} and set g = hog, 
Y = <7 _1 (°) = 5^(00) C I s and fi = Int(i(C n ) U Y). For simplicity, let us set g = j- 
Then the divisor U = Y fl Q in Q contains not only the proper transforms D[, . . . , D' m of 
Dx, . . . , D m in X-£ but also the exceptional divisors of the blow-up: — > X%. From 
now on, we will show that these exceptional divisors are not necessary to compute the 
monodromy at infinity of / : C n — > C by Theorem 14.41 For each non-empty subset 
IC {1,2,..., m}, set Dj = A, 



D?=j ° A {(y A ) u/ i(o) } cxi 



(4.18) 



and dj = gcd(aj) ie / > 0. Then the function g = j is regular on and we can decompose 
it as j = gi(g2) dl globally on a Zariski open neighborhood W of Dj in X^, where g\ is a 
unit on W/jind g 2 '■ W — > C is regular. Therefore we can construct an unramified Galois 
covering D°j of D°j with a natural //^-action as in (14.61) . Let [Dj] be the element of the 
ring which corresponds to Dj. 



Theorem 4.7 In the situation as above, we have the equality 



(4.19) 



in the Grothendieck group K (HS mon ). 



Proof. First, we prove the assertion for n — 2. In this case, we number the rays at infinity 
in S in the clockwise direction as in the figure below. 




Pm-l 



Let at 



Figure 4 
-Pi + IR+Pi+i (1 < % < m - 1] 




and Pi+i- Then the cone Oi corresponds to an affine open subset C 2 ((Ti) ~ Cj n of Xs on 



be the 2-dimensional cone in E between pi 

■<2 

'in 
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which the meromorphic extension of j to has the form 

where f Ci is a polynomial of £ and 77. In this situation, we have DjDC 2 (o"j) = {£ = 0} and 
A+i H C 2 (o-j) = [r] = 0}. Moreover by the non-degeneracy at infinity of f(x,y) G C[x, y] 
we have / CTi (0,0) 7^ and the algebraic curve / ( ^ 1 (0) = {(£,77) | f^i^v) — 0} intersects 
A fl C 2 (<Tj) and fl C 2 (o-;) transversally. 




Let (0,z), z ^ be a point of Dj fl /^(O). In constructing the variety X s , we 
constructed a tower of blow-ups over this point (0, z) as in the figure below. 




a-i Oi-1 a,i-2 ••• 1 -1 

Figure 7 



Here we have Ej ~ P 1 and the function j — g has the zero of order Oj — j along the 
exceptional divisor Ej. The open set Q is the complement of E a . ~ P 1 in this figure. For 
1 < j < — 1 , set E° := Ej \ {pj,Pj+i} and let E° be the unramified Galois covering of 
Ej with a /! ai _j-action (in the construction of Sj°). The motivic Milnor fiber at infinity 
also contains (1 — L) • [pj] with the trivial /t-action for 1 < j < cii — 1. 

Lemma 4.8 For 1 < j < — 1, we have 

Xh ((1 — • [pj] + [E°]j — (4.21) 
m t/ie Grothendieck group K (HS mon ). 
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Proof. First set X = C 2 (a,;) \ {q = 0} and Y = {(0, z)} C X and consider the regular 
functions 

m,v) = ^ Mt,v) = M^ (4.22) 

on X. Then (in a neighborhood of K) the blow-up Xy of X along Y is isomorphic to the 
closure of the image of the morphism 

X\Y — >X xF 1 (4.23) 

given by 

it,v)>-^(£,V,{fifov)--f2(t,Ti))). (4-24) 
Let 7r : Xy — » X be the natural morphism and define an open subset W of Xy by 

W = {(£, (1 : «)) G Xy | a G C}. (4.25) 

Then considering a as a regular function on W, on If C Xy we have 

fj (/2 0tt) a(/i0 7r) a 

Moreover in W C Xy the exceptional divisor E = ir~ l (Y) (~ i?i) is defined by i£ = 
{fx o 7r = 0}. Therefore the unramified Galois covering E° of E° ~ {a G C | a ^ 0} ~ C* 
is {(t, a) G (C*) 2 | t a,;_1 a; _1 = 1}, which is isomorphic to C* with an automorphism 

homotopic to the identity. Hence its Hodge characteristic Xh ([^i]) e K (HS mon ) is 
isomorphic to (L — 1). We thus obtain the equality 

Xh((l-h)-\pi] + m) =0 (4.27) 

in Ko(HS mon ). By repeating this argument, we can similarly prove the remaining asser- 
tions. □ 



Recall that the motivic Milnor fiber at infinity SJ 3 is a sum of the unramified Galois 
coverings of some Zariski locally closed subvarieties of fl Then Lemma [4.81 above implies 
that the Hodge characteristics of the base changes of to the exceptional divisors of 
Q — > Xs are zero in K (HS mon ). In other words, for the calculation of Xh (<^/°) ^ 
K (HS mon ), we can forget the parts of \h [Sf) G K (HS mon ) coming from the exceptional 
divisors of Q — > X^. So the theorem was proved in the case n = 2. 

From now on, we shall prove Theorem 14.71 in the case n > 2. Let tt^: Q — » X^ 
be the restriction of the morphism 7i~: X^ — » X^ to Q. For each non-empty subset 
I C {1,2, .. . , to} set D] := Dj \ (U^jDi)- Then, to prove the theorem, it suffices to 
show that for any non-empty subset / C {1,2,..., to} the Hodge characteristic of the 
base change of to ^{D} n / _1 ( )) C fi is zero in K (HS mon ). First, let us consider 

the case where / = {i} for some 1 < i < to. Then by the construction of Xg and Q, the 
morphism ttq induces a fiber bundle 

vr^ 1 n FW) — D* {1} n TW) (4.28) 
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over D^n/ _1 (0) whose fiber is isomorphic to the (locally closed) curve (EiU- ■ ■UE a ._i)\ 
{p ai } as in Figure 7. By the proof of Lemma I4.8[ this fiber bundle is locally trivial with 
respect to the Zariski topology of D^y fl / _1 (0), and the Hodge characteristic of the base 

change of Sf to ^(Df i} n C is zero in K (HS mon ). Next, consider a general 

non-empty subset I = {i± < ■ ■ ■ < ik} of {1,2, ... ,m}. Then we have the following 
lemma. 



Lemma 4.9 In the situation as above, the restriction of tyq to n n (D| fl / 1 (0)): 

^(D* n TW)) ^D}n TW) (4.29) 

is a Zariski locally trivial bundle over D*jC\ / -1 (0) whose fiber is isomorphic to the (locally 
closed) curve (E\ U • • • U E ai _J \ {p ail } in Figure 7 for i = i\. 

Proof. First, let us consider the case where Jj/ = 2. Without loss of generality, we may 
assume that / = {1, 2} as in the figure: 

















/-MO) 








































^ Di 





Figure 8 



Although we consider the problem in a neighborhood of D} C Xs, the total space of 
Figure 8 is denoted simply by In the construction of X^, we first construct a tower 
of blow-ups over D\ fl / _1 (0) as 







-Ei 




E ai 


/"HO) 












































































Ei n D' 2 


E 2 nD' 2 


EZnD' 2 









































Figure 9 



Here D[, D' 2 are the proper transforms of D\, D-i respectively. In Figure 9, the mero- 
morphic function g still has points of indeterminacy on D' 2 D / _1 (0). Then we construct 
a tower of blow-ups over D' 2 fl / _1 (0) as 
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._ D-2 /-'(O) 




Figure 10 



Since we are considering the problem only in a neighborhood of Dj and already finished 
the necessary blow-ups over D}, the total space of Figure 10 is denoted simply by X 2 . In 
Figure 10, the open set Q C X s is the complement of the union of two dotted divisors 
(E' is one of them). Moreover we see that the inverse image of the set A (in Figure 9) 

in Xy, is contained in X s \ tt. This implies that tt^ 1 (DJ D / _1 (0)) is the (locally closed) 
variety of the form: 

tine; 

"""'•-•„ E 1 nD' i ■■■ £„_inj); 




D[nD' 2 

Figure 11 



This completes the proof for the case (J J = 2. The general case can be proved similarly. 

□ 



By the proof of Lemma 1431 we see that n n 1 (DJ fl / _1 (0)) has a geometric structure as 
the figure below in Q\7i n 1 (Ujrf/ Di): 

fi n D't t 




Figure 12 



Here Ex, . . . , are the exceptional divisors in constructed when we made a tower 
of blow-ups over D ix fl / _1 (0) (We used essentially the condition %x = mm{ix, . . . , To 
simplify the notations, we denote Ej \ n^ 1 ({J^j Di) simply by Ej etc.). Moreover we set 

D L:i k ■= D 'h n ■ ■ ■ n Pk a Ild F i ■= E i~l n E i n V N ° te ^ E i n D L-,i k 13 21 

P^bundle over D* n /"^O). Let us set (Ej n D' i2 ^)° := (Ej n A' 2 ,...,iJ \ u 
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Then for each point p of (Ej fl D' i2 i )° there exists a Zariski open neighborhood W of p 
in and a local coordinate system £ 1( £ 2 , • • • , £n on it such that 

^ 2 = {6 = o},...,A' fc = {a- = o}, (4.30) 
Ej n D' i2 iih = = 6 = ■■• = & = 0} (4.31) 

and the function y = <? can be written in the form 

£(£1, • • • ,0 = C j C 2 ■ --C k x ( a unit on (4.32) 

on W. Set d/j = gcd(aj x — j,a i2 , . . . ,a ik ) > (1 < j < a ix — 1). Then the base 

change of iSj° to (E^ fl D' i2 ^ ik )° C is an unramified Galois covering [Ej fl D' i2 ^ ik )° 
of (Ej fl i )° with a natural /i^/ -action. Moreover by the proof of Lemma [4.8[ we 

observe that (Ej fl D' i2 i )° is a (Zariski) locally trivial family over £)jn/ _1 (0). By using 
this fact (and an analogue of [5j Proposition 1.6]), in the same way as the final part of 
the proof of Lemma 14.81 we obtain the equality 

Xh ((1 - L) ■ [Fj] + [(Ej n^.. A )°]) = (4.33) 

in K (HS mon ) for 1 < j < — 1, where [Fj] G Ai^ is endowed with the trivial action of ft. 
This implies that the Hodge characteristic of the base change of Sj° to n^ 1 (D}r\f^ 1 (0)) C 
Q, is zero in K (HS mon ). In other words, the contribution to X h (Sf) G K (HS mon ) from 
the exceptional divisors of Tin '■ ^ — > Xy, is zero. This completes the proof of Theorem 
1471 □ 

Remark 4.10 It seems that the equality SJ° = ^^(l — L)" /_1 [Dj] does not hold in 

Mq- Indeed, we used a homotopy in the last part of the proof of Lemma 14.81 (and that 
of Theorem 14.7ft . 



5 Combinatorial descriptions of monodromies at in- 
finity 

In this section, by rewriting Theorem 14.71 in terms of the Newton polyhedron at infinity 
roo(/) of / w e prove some combinatorial formulas for the Jordan normal form of its 
monodromy at infinity 3>5JLi- We inherit the situation and the notations in the last half of 
Section HI Namely we assume that / is convenient and non-degenerate at infinity. Recall 
that pi, p2, . . . , p m are 1-dimensional cones in the smooth fan £ such that pi (JL W+. ■ 

Definition 5.1 We say that 7 -< T OQ (f) is a face at infinity of T OQ (f) if ^ 7. 

For a cone a G £ whose supporting face 7(0") -< T OCJ (f) is at infinity o <$_ K") 

we set I a = {1 < i < m \ p { -< a}, T° =T a \ f-^O) and 

T£ = Df^ fl (C* x To) C CJ x T a . (5.1) 
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Then T° is a hypersurface in the algebraic torus C* x T a ~ ^*^n-dimo-+i anc j a g n j^ e 
covering of T°. Moreover for any non-empty subset I C {1, 2, . . . , m} we have the decom- 
position: 

S?= □ 2*. (5.2) 



(7: J CT =/ 



Therefore, for the calculation of e K (HS mon ) by the results in Section [2] we 

have to show that the hypersurfaces T° C C£ x T CT ~ ^*^n-dimo-+i are non-degenerate. 
Indeed, for such a cone a G £ let Co G X be an n-dimensional cone such that a -< o~ 
and {wi, w 2 , . . . , w n } C Z n the set of the primitive vectors on the edges of o~ . Set 
dimcr = k > 0. Then we may assume that W\, . . . , w k generate a so that in the afhne open 
subset C n (o"o) — Cy of X^, associated to do we have 

Ta = {(yi, ...,y n ) e C n (a ) | j/i = • • ■ = y k = 0, y fc+1 , . . . , y n ^ 0}. (5.3) 

On C n (o"o) — C™ the function 9 = j has the form: 

g(y)=yT---y c n n x (5.4) 



where we set 



c 



■j 



min (wj,f)>0 (j = 1, 2, . . . , n) (5.5) 



«eroo(/) 



and f ao {y) is a polynomial on C n (uo). Set d = gcd(ci, . . . , c*.) := gcd({cj | 1 < j < k, Cj ^ 
0}) > 0. Then in C* x T a — (C*)^*™^ we have 

T° = {(t,y k+1 , ...,y n ) | r\-+i +1 " " "l/n c " x (/JtJWi, • ••,!/«) = 1} (5.6) 

and the action ^ a of the generator of the cyclic group fid on it is given by the multiplication 
of (Q, 1, . . . , 1) G C£ x T a . To show that the hypersurfaces T° C C* x are non- 
degenerate, we use the following elementary lemma. 

Lemma 5.2 Let go be a Laurent polynomial on (C*) n such that the hypersurface Z* = 
{x G (C*) n | go(x) = 0} is non- degenerate and x v be a monomial. Then the set of 
complex numbers A G C such that the hypersurface Z\ = {x G (C*) n | go(x) — Aof — 0} is 
non- degenerate is open dense in C. 

Proof. It suffices to apply the Bertini-Sard theorem to the map ^ : (C*) n — > C. □ 

Proposition 5.3 In the situation as above, the hypersurfaces T° C Q x T a are non- 
degenerate. 



Proof. By the non- degeneracy at infinity of / and Lemma 15.21 there exists A G C* such 
that the hypersurface 



{(t,y k+1 ,...,y n ) | t a y k + 1 +1 ---y n Cn x (/jTj(2/*+i,...,3/n) = -M (5.7) 

in x T a is non-degenerate. Since it is isomorphic to T° by the multiplication by 
(A', !,...,!) G C* x T a for A' satisfying (\') d = A, T° is also non-degenerate. □ 
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Note that if dinr^cx) = n— dimcr the integer d > above is equal to the lattice distance 
of 7(0") from the origin G M. n . Moreover in this case, by (15.61) the Newton polytope of the 
defining equation of T° in QxT ff ~ (c*)n-dhn<7+i ig the convex hull of {0}U7(cx). For each 
face at infinity 7 -< T 00(f ) of T 00(f), let d 7 > be the lattice distance of 7 from the origin 
G IR n and A 7 the convex hull of {0}U7 in M n . Let L(A 7 ) be the (dim7 + l)-dimensional 
linear subspace of lR n spanned by A 7 and consider the lattice M 7 = Z n flL(A 7 ) ~ 2 dim7+1 
in it. Then we set Ta 7 := Spec(C[M 7 ]) ~ (c*) dim7+1 . Moreover let £.(7) be the smallest 
afline linear subspace of M. n containing 7 and for v G M 7 define their lattice heights 
ht(f,7) G Z from £(7) in L(A 7 ) so that we have ht(0,7) = d 7 > 0. Then to the group 
homomorphism M 7 — > C* defined by v 1 — > Cd^'^ we can naturally associate an element 
t 7 G Ta 7 . We define a Laurent polynomial g 7 = ^2 veM b v x v on Ta 7 by 

{a v (v G 7), 
-1 (v = 0), (5.8) 
(otherwise), 

where / = ^2 veZ n a vX v ■ Then we have NP(g 7 ) = A 7 , suppg 7 C {0} U 7 and the hyper- 
surface Z* A ^ = {x G Ta 7 I <7 7 (zc) = 0} is non-degenerate by the proof of Proposition 15.31 
Since Z*^ C Ta 7 is invariant by the multiplication l Try : Ta 7 — > Ta 7 by r 7 , Z* A ^ admits 

an action of /i^ 7 . We thus obtain an element [Z\] of JA^. By the construction of [Z^ ] 
the following lemma is obvious. 

Lemma 5.4 Let 7 -< r oo (/) be a face at infinity o/r oo (/) and a G £ a cone whose sup- 
porting face 7(0") in Too(f) is 7. Assume that dinr/ = n — dimcr. Then in the Grothendieck 
ring M.^ we have the equality 

S?l = ■ (5-9) 

To rewrite Theorem 14.71 in terms of T 00(f) we need the following result. 

Proposition 5.5 Let 7 -< r oo (/) fre a face at infinity of V 00(f) and o-\,o<i G S cones 
whose supporting faces 7(01) and 7(02) in r oo (/) are toe same and egna/ to 7. Taen m 
i/ie Grothendieck group K (HS mon ) we have 

Xh ((h - if™ 1 " 1 • pfj) = Xfc ((L - if™ 2 " 1 • [I* ]). (5.10) 

Proof. Without loss of generality we may assume that dimcri < dimo^. Set dimcr^ = hi 
(^ = 1,2). 

(Step 1): First we prove (15.101) in the case o\ -< a 2 . Let 00 G X be an n-dimensional 
cone such that <j\ -< a 2 -< cr and {wi, to 2 , • • • , w n } C Z n the set of the primitive vectors 
on the edges of cr - We may assume that Wi,w 2 , ■ ■ ■ , w^. generate <7j for i = 1, 2. Then in 
the afline open subset C n (o~o) — C™ of X^, associated to 00 we have 

T ai = {y G C" (cr ) I 2/1 = •• • = Vki = 0, 1/fcj+i, . . . ,y n ^ 0} (5.11) 
for i — 1,2. Moreover on C n (o"o) — C™ the function <7 = y has the form: 

g{y) = Vi---v c n x 9a (y), (5.12) 
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c 



■J 



where we set 

min (wj,v)>0 (j = 1, 2, . . . , n) (5.13) 

and g ao {y) is a meromorphic function on C n (a ). By the assumption 7(01) = 7(cr 2 ) = 
7, the restriction o cto |t ct of g ao to the larger torus T ai depends only on the variables 
y k2 +i, ■■■,y n - Set di = gcd(ci, . . . , c ki ) : = gcd({c,- \ 1 < j < h, Cj ^ 0}) > (i = 1, 2). 
Then we have 

T%. = {(t^+i, ...,!/«) | • • • -y c n n x (^olT CT< )(y fe2+ i, . . . ,y„) = 1} (5.14) 

in Q. x T CTi ~ ( c *)^S.-.*» for * = 1 ' 2, By the relation rf 2 = gcd(di, c fcl+ i, . . . ,c fc2 ), 
for the integer d = J e Z we have gcd(d, . . . , ^) = 1. Now let A G G 
Mfc 2 _fc 1+1 (Z) | det B = 1} be a unimodular matrix whose first row is the primitive vector 
(d, Cfc ^ +1 , . . . , ^-) G Z fc2_fcl+1 . Consider the automorphism of the algebraic torus C* x 

(C*)fc2 2 -fcl ( C 2 *)fc 2 -fc 1+ l defined by A . 

(5.15) 



By this construction of obviously we have ti = tfy k ^ ■ ■ ■ . Therefore the auto- 
morphism A a x id-r CT2 of C* x (C*) fc2_fcl x T a2 induces an isomorphism 

^^( c ^t + t..^ 2 xT S- ( 5 - 16 ) 

Moreover we have A^Cdi, 1, • • • , 1) = (Cfe> Afei+i> • • • > Afea) f° r some Pi £ C*. Since 
the action \& CTl of the generator of fi^ on T° is the multiplication by the element 
(( dl , 1, . . . , 1) G C* x T ai , the automorphism of (C*) fe ~ fcl x T£ 2 induced by via fl5TT6|) 
is given by 

(zfci+i) • • • , z k2 ,t 2 , yk 2 +i, ■ ■ ■ iVn) 1 — ► (/^fci+i^fei+i, • • • , Pk 2 Zk2,(d 2 t2i Vk-2+i, ■ ■ ■ , y n )- (5-17) 

This is obviously homotopic to id/ C »jfc 2 -fci x ^<t 2 - Hence in the Grothendieck group 
K (HS mon ) we obtain the equality 

x,(ra) = x,((L-i) fc2 - fci -ra), (5.i8) 

from which (15.10P follows immediately. 

(Step 2): Finally let us prove (I5.10P in the general case. Let a be the unique cone in 
the dual fan Si of T 00(f) whose supporting face in T^f) is 7. Then our assumption 
7(01) = 7(cr 2 ) = 7 implies that rel.int(cTj) C rel.int(cr) for i — 1,2. So there exists a 
continuous curve in rel.int(cx) which starts from a point in rel.int(o"i) and ends at the one 
in rel.int(o"2). Then applying (Step 1) to each pair of two adjacent cones on it, we obtain 
(15. 10p . This completes the proof. □ 



Remark 5.6 In Proposition 15.51 if dimoi < dimo"2 we can prove also a slightly stronger 
equality 

Xh{[T°\) = x*((L - l) di — dim - • [To]). (5.19) 



Since we do not use it in this paper, we omit the proof. 
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For a face at infinity 7 -< r oo (/) let S 7 C {1,2, ... ,n} be the minimal subset of 
{1,2, ... ,n} such that 7 C M St and set m 7 = jjS^ — dim 7 — 1 > 0. 

Theorem 5.7 In i/ie situation as above, we have the following results, where in the sums 
below the face 7 o/r oo (/) ranges through those at infinity. 

(i) In the Grothendieck group K (HS mon ), we have 

[Hf] = Xh(ST) = E Xh{{l - L ) m7 • 0aJ)- (5.20) 

7 

(ii) Lei A G C*\{1} and k > 1. TVien i/je number of the Jordan blocks for the eigenvalue 
X with sizes >k in $~ x : H^if-^R); C) ^> H n -\f-\R)-X) (R^>0) is equal 




(5.21) 



(hi) For k > 1, the number of the Jordan blocks for the eigenvalue 1 sizes > k in 
is equal to 

(-ir 1 E {e^M 1 -^-^))!- (5.22) 

p+q=n—2—k,n—l—k L 7 J 



Proof, (i) It suffices to rewrite Theorem 14.71 Let 7 be a face at infinity of r oo (/) such 
that ftS^ = n. Denote by a the unique (n — dinry)- dimensional cone in the dual fan Si of 
Too(/) whose supporting face in T 00(f) is 7. Let S be the smooth subdivision of Si in the 
proof of Theorem 13.61 and o~j (1 < j < /) the cones in S such that rel.int(oj) C rel.int(cr). 
Recall that T a . is the (n — dima.,)- dimensional T-orbit in which corresponds to o~j G S 
and we set = T aj \ / _1 (0). Then in the motivic Milnor fiber at infinity iSj° G Ai^ of / 
constructed by using the toric compactification X-z of C n , the following elements of AAq 

(1 _ L )di» ffi -i . [^] G (1 < J < /} (5 23) 

are contained, where T° is the unramified Galois covering of T°.. Let us fix 1 < jo < I 
such that dim<jj = dimcr = n — dim7. Then by Proposition 15 . 5 1 for any 1 < j < I we have 
the equality 

Xh ((l ~ L) dimCTj_1 ■ [T°.]) = (_l)diw,-d imCT . _ L) n-dim 7 -l . ^ ];) (5>24) 

in the Grothendieck group Ko(HS mon ). Combining f)5.24p with the obvious combinatorial 
identity ^^. =i (_i) dimo j- dim<j — ^ we obtain a very simple formula 

1 

E Xfc((l - L) dim(7j_1 • [7y ) = Xh ((l - L) n_dim7_1 • [T°J). (5.25) 
3=1 

Hence by Lemma [5 A\ for the face at infinity 7 of T^f) such that jjS^ = n the equality 

1 

E - L) dim<Tj_1 ■ ) = - L)™ 7 ■ [zy ) (5.26) 



29 



holds. In the same way, we can show similar equalities also for the faces at infinity 
7 of T OQ (f) such that (jS^ < n. More precisely, for such 7 let (IR 57 ) 1 - ~ ]R n_tts, T be the 
orthogonal complement of M, Sl C W 1 in (R n )*. Then some <jj in the (n— dim7)-dimensional 
cone a associated with 7 may not satisfy the condition (IR 57 )- 1 -< <jj. We can prove a 
formula similar to (15.261) by dividing the set of the cones Oj into \oj | (IR 57 ) 1 - -< aj} and 
{<jj I (IR 57 )- 1 -fi <jj}. We omit the detail. This completes the proof of the assertion (i). 
The assertions (ii) and (iii) can be deduced from (i) and Theorem 14.61 □ 

Remark 5.8 Since we used a homotopy in proving (15.241) . we can prove the equality of 
Theorem 15.71 (i) only in the Grothendieck group Ko(HS mon ) of Hodge structures. See also 
Remark I47L01 

Note that by using the results in Section [2] we can always calculate e p ' q (xh((^ — L)™ 7 • 
\Z\ ]))x explicitly. Here we shall give some closed formulas for the numbers of the Jordan 
blocks with large sizes in First let us consider the numbers of the Jordan blocks 

for the eigenvalues A £ C \ {1}. Let qx, . . . ,qi (resp. 71, ... ,7;/) be the O-dimensional 
(resp. 1-dimensional) faces of T OQ (f) such that qi £ Int(IR™) (resp. the relative interior 
rel.int(7j) of 73 is contained in Int(IR+)). Obviously these faces are at infinity. For each 
(resp. 7j), denote by di > (resp. e,- > 0) the lattice distance dist(gj,0) (resp. dist(7j,0)) 
of it from the origin £ MJ 1 . For 1 < i < I', let Aj be the convex hull of {0} U 7^ in M. n . 
Then for A £ C \ {1} and 1 < % < I' such that A e * = 1 we set 

n(\)i = ${v £ Z n nrel.int(Ai) | ht(u,7i) = k} + ${v £ Z n nrel.int(Ai) | ht(u,7i) = ei-k}, 

(5-27) 

where k is the minimal positive integer satisfying A = and for v £ Z n fl rel.int(Aj) we 
denote by ht(f,7j) the lattice height of v from the base 7^ of Aj. 

Theorem 5.9 Let f be as above and A £ C* \ {1}. Then we have 

(i) The number of the Jordan blocks for the eigenvalue A with the maximal possible size n 
zn # n - 1 (/- 1 (i2);C) ^ H^if-^R); C) (R > 0) is equal to {{q { \ A d ' = 1}. 

(ii) The number of the Jordan blocks for the eigenvalue A with size n — 1 in ^^_ x is 
equal to £) <; x ^=i n (^)i- 

Proof, (i) By Theorem 15.71 (ii), the number of the Jordan blocks for the eigenvalue A £ 
C* \ {1} with the maximal possible size n in is 

1 

( _ ir -l e n-l,n-l ( ^ ((S oo ))A = ( _ 1)B -1 ^ e „-l,„-l (xfc((1 _ L) „-1 . [Z * Aq ])) x (5.28) 

i=l 

= E e °'°^([ Z Aj))A. (5.29) 

Note that Z\ is a finite subset of C* consisting of di points. Then (i) follows from 

1 

E e °'°^([ Z Aj))A = fe|A^ = l}. (5.30) 
i=i 

The assertion (ii) can be proved similarly by expressing e n ~ l ' n ~ 2 (xh(SJ : '))\ + 
e n ~ 2,n ^ 1 (xh(<Sf)) \ in terms of the 1-dimensional faces at infinity 7« of T OQ (f). □ 
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Example 5.10 Let f(x,y) G C[x, y] be a convenient polynomial whose Newton polyhe- 
dron at infinity T^f) has the following shape. 
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Figure 13 



Assume moreover that / is non-degenerate at infinity. Then by Libgober-Sperber's 
theorem (Theorem 13.61) the characteristic polynomial -P(A) of : H 1 (f~ 1 (R);C) — > 
H l {f- l {R); C) (R > 0) is given by 

P(A) = (A-1)(A 4 -1)(A 6 -1) 3 . (5.31) 

This implies that the multiplicities of the roots of -P(A) = follows: 
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Figure 14 



For A G C, denote by H 1 (f~ 1 (R);C)\ the generalized A-eigenspace of the monodromy 
operator at infinity. First, by the monodromy theorem the restriction of to 
H 1 (f~ 1 (R);C)i ~ C 5 is semisimple. Moreover by Theorem 15.91 (i) the Jordan normal 
form of the restriction of &f to iJ 1 (/ _1 (i?); C)_i ~ C 4 is 



/-ll \ 
0-100 
0-10 
\ -1/ 



(5.32) 



In the same way, we can show that for A 
$f to H 1 (f- 1 (R);C) X is semisimple. 



C6> V — 1) C3, C: 



2 

3' 



•i,d 



the restriction of 



Next we consider the number of the Jordan blocks for the eigenvalue 1 in ^^_ v By 
Proposition 12. 9[ we can rewrite Theorem 15.71 (iii) as follows. Denote by Uf the number of 
the lattice points on the 1-skeleton of dToo(f) n Int(R"). 
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Theorem 5.11 In the situation as above, the number of the Jordan blocks for the eigen- 
value 1 with the maximal possible size n — 1 in is II f. 

Proof. For a face at infinity 7 -< r oo (/), denote by 11(7) the number of the lattice points on 
the 1-skeleton of 7. Since for each face at infinity 7 -< T 00 (f) we have II(A 7 ) 1 — 1 = 11(7) 
(for the definition of I1(A 7 ) 1 , see Section [5]), the assertion follows from Theorem 15.71 (iii) 
and Proposition 12.91 □ 

For a face at infinity 7 -< T^f), denote by the number of the lattice points on 
the relative interior rel.int(7) of 7. Then by Theorem 15.71 (iii) and Proposition 12. 8} we 
also obtain the following result. 

Theorem 5.12 In the situation as above, the number of the Jordan blocks for the eigen- 
value 1 with size n — 2 in $^Li is equal to 2 l*{l), where 7 ranges through the faces at 
infinity o/r oo (/) such that dinry = 2 and rel.int(7) C Int(lR™). In particular, this number 
is even. 



From now on, we assume that any face at infinity 7 -< r oo (/) is prime in the sense of 
Definition 12. 101 (i) and rewrite Theorem 15.71 (ii) and (iii) more explicitly. First, recall that 
by Proposition [52] for A G C*\{1} and a face at infinity 7 -< r oo (/) we have e p,9 (Z^) A = 
for any p, q > such that p + q > dimA 7 — 1 = dim 7. So the non-negative integers r > 
such that z\j P+q=r ^ p ' q (Z^)x 7^ are contained in the closed interval [0,dinTy] C 1R. 

Definition 5.13 For a face at infinity 7 -< r oo (/) and k > 1, we define a finite subset 
J 7i fc C [0, dinry] PI Z by 

J"i,k = {0 < r < dim7 | n — 2 + k = r mod 2}. (5.33) 

For each r e J 7) fe, set 

d k , r = n - 2 + k ~ r e Z + . (5.34) 

Since for any face at infinity 7 -< r oo (/) the polytope A 7 is pseudo-prime in the sense 
of Definition 12.101 (ii), by Corollary 12 . 1 51 for A G C* \ {1} and an integer r > such that 
r G [0, dim7] we have 

E eM (^([ z A 7 ]))A = (-i) dim7+r+1 £ {E(- 1 ) dimr '^(n}- (5.35) 

dimr=r+l 

For simplicity, we denote this last integer by e(j, A) r . Then by Theorem 15. 71 (ii) we obtain 
the following result. 

Theorem 5.14 In the situation as above, let A G C* \ {1} and k > 1. T/ien i/ie number 
of the Jordan blocks for the eigenvalue A wift sizes > k in H n ^ 1 (f^ 1 (R)]C) ^> 

H^if^iR); C) (72 > 0; zs egna/ to 



e(7, A) r 



(5.36) 



32 



where in the sum the face 7 o/r oo (/) ranges through those at infinity (we used also 
the convention (^) =0 (0 < a < b) for binomial coefficients) . 

By combining the proof of Theorem 5.6] and Proposition 12.141 with Theorem 15.71 
(hi), if any face at infinity 7 -< r oo (/) is prime we can also explicitly describe the number 
of the Jordan blocks for the eigenvalue 1 in 

Finally to end this section, we prove a global analogue of the Steenbrink conjecture 
proved by Varchenko-Khovanskii [5U] and Saito [41] . We return to the general case. 

Definition 5.15 (Sabbah [36] and Steenbrink-Zucker [35]) As a Puiseux series, we define 
the spectrum at infinity spy°(t) of / by 



sp?(f)= E 

/3e(o,i]nQ 



n-l 



,i=0 I g>0 



+ (-l) n t n . (5.37) 



When / is tame at infinity, by Theorem 14.51 we can easily prove that the support of 
spj°(i) is contained in the open interval (0, n) and has the symmetry 



spf(t) = t n sp? (5.38) 



with center at |. From now on, we assume that / is convenient and non-degenerate at 
infinity. In order to describe spy°(i) by r oo (/), for each face at infinity 7 of r oo (/) let 
s 7 = JjS 7 G Z>i be the dimension of the minimal coordinate plane containing 7 and set 
Cone(7) = M+7. Next, let fa/: M" — > K be the continuous function on which is 
linear on each cone Cone(7) and satisfies the condition /i/|ar 00 (/)nint(M™) = 1- For a face at 
infinity 7 of r oo (/), let L 7 be the semigroup Cone(7) PI Z™ and define its Poincare series 
P 7 (t)by 

P 7 (f) = ^ ({?; g L 7 I /i/(u) = /9}t". (5.39) 

Theorem 5.16 In the situation as above, we have 

spf(t) = J2(-l) n ~^ dimi (l - t) s "P 7 {t) + (-l) n , (5.40) 

7 

where in the above sum 7 ranges through the faces at infinity ofT^f). 

Proof. For G (0, 1] D Q and a face at infinity 7 of T 00(f), set 

p (t) = lZZo%{v£L J \h f (v)= l + P}t^ (0</3<l), 

so that we have 

E ^(*) = -p 7 (<)- ( 5 - 42 ) 

/3e(o,i]nQ 
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Then for /3 G Q such that < < 1 and a face at infinity 7 of r oo (/), by Theorem 12.71 
and (I2.20p we have 



n-l 



i+/3 



E ei ' 9 (^(( 1 - • ^A 7 D)cxp(2^) 



t=0 



i>0 



exp(-27r v / ^T^),i+l 



(A 7 )i 



i+l 



j>0 



.l)n-l-dim 7 ^^ _ t) s T +1 ^/(fcA 



7 Jexp(-27r^T/3) 



fc-1 



(5.43) 

(5.44) 
(5.45) 



k>l 

— l) n_1 ~ dim7 t /3 (l — t) s ~< 

X(l -*) {^W-W^T/O 
_l)«-l-«M«7(l_t)*Tp (y ^(t). 



K2A 7 ) exp( _ 27rV 3 T/9) t+---} (5.46) 

(5.47) 

Therefore, the assertion for the non-integral part of spy?(i) follows immediately from 
Theorem 15.71 (i). Moreover, the integral part 



n—l 



g>0 



(5.48) 



i=0 



of sp^ is calculated as follows. For a face at infinity 7 of r oo (/), we have 

D-ir 1 Ie^^ 1 -^ 7 • [ z A 7 i))i}* i+1 

;i-r^{(-i^ dim7 + 1 

j>0 ^ 



i=0 



. 9>0 
•Qn— 1— dim 7 / 



+ Vi,dim 7 +i-i(A 7 ) ^ f +1 (5.49) 



j\n— 1— dim 7 /-^ ^.ys-y — 1— dim 7 

-|\n— 1— dim 7 /-^ 1— dim 7 



| _ (1 _ t)dim7+ i + l + J2^x, i+1 (^)t i+1 \ (5.50) 

I i>0 J 



_ (1 _ t )dim 7 +l + (1 _ t) dim 7 +2 + + f^A^i* 3 + • • • } (5.51) 

= (-i)"-^^ _ t y-, + (_ 1 )n-i-di m7 ^ 1 _ t )^p 7jl (t). (5.52) 
Summing up these terms over the faces at infinity 7 of r^/), we obtain 



n-l 



i=Q I <j>0 J 7 

(5.53) 

This completes the proof. □ 



6 Sizes of Jordan blocks in monodromies at infinity 

In this section, without assuming that / is tame at infinity, we prove some general results 
on the sizes and the numbers of the Jordan blocks in the monodromies at infinity $°° of 



34 



/. For this purpose, we inherit the situation and the notations at the beginning of Section 
HI In this situation, the main result of Dimca-Saito [TTJ can be stated as follows. 

Theorem 6.1 Theorem 0.1]) Let Fi,F2,...,F be the irreducible components 

of X \C n contained in X \ Q. Assume that for generic complex numbers c G C the 
closures / _1 (c) of / _1 (c) in X are smooth and intersect Fj for any I c{l,2, ...,/} 
transver sally. By taking such a complex number c G C we set 

K= max (tt{Fi I p G FJ) . (6.1) 

P e(x\n)nf-Hc) 

Then the size of the Jordan blocks for the eigenvalue 1 of the monodromies at infinity 
$°° : Hi(f- l (R); C) W{f- 1 {R); C) (R > ; j = 0, 1, . . .) is bounded by K. 

By using Saito's mixed Hodge modules in a different way, we can prove a similar result 
also for the eigenvalues A G C \ {1} of $°° as follows. Recall that the size of the Jordan 
blocks for such eigenvalues in is bounded by j '• + 1 by the monodromy theorem. Let 
E\ , Ei , . . . , Ffc be the irreducible components of the normal crossing divisor U = Q R Y in 
Q C X and for 1 < i < k let > be the order of the poles of / along Fj as in Section 
SI Moreover for A G C we set 

R\ = {1 < i < k I A fel = 1} C {1, . . . , k}. (6.2) 

Theorem 6.2 Assume that A G C \ {1}. 

(i) We set 

K x = max (%{Ei | p G E { and \ k = 1}) . (6.3) 

peu 

Then for any < j < n — 1 the size of the Jordan blocks for the eigenvalue A in <3>°° 
is bounded by K\. 

(ii) For < j < n — 1, we set 

5(A),- - {/ C # A I U = j + 1 and Ei ± 0}. (6.4) 

Moreover for each I G S(X)j denote by cj the number of the connected components 
of Ej which do not intersect Ei for any i ^ R\. Then the number of the Jordan 
blocks for the eigenvalue A with the maximal possible size j + 1 in is bounded by 

Corollary 6.3 We set 

5(A) = {/ c F A I U = n and Ej ^ 0} (6.5) 

and for each I G 5(A) denote by ni the cardinality of the discrete (hence finite) set E[. 
Then the number of the Jordan blocks for A G C \ {1} with the maximal possible size n in 
^'n-i i s bounded by J2ies(\) Uj - 
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Proof of Theorem 16.21 Recall the commutative diagram 




(6.6) 



in which g is a proper holomorphic map. We set g = j as in Section HI Then for R ^> 
we can easily prove the isomorphisms 



(6.7) 



Now let us consider the perverse sheaf J 7 = ipg(C^[n—l]) G Djj(y) on the normal crossing 
divisor Y and its monodromy automorphism 



$ := $(Cx[n- 1]): J 7 
Then for i?>0we have a commutative diagram 



J*. 



W(f-\R);C) 



■Hi(f-\R);C) 



(6. 



(6.9) 



H j - n+1 {U; J 7 ) ? ► Hi- n+1 (U; J 7 ). 

Moreover there exists a canonical decomposition 

Aec 



(6.10) 



where we set JF\ = Ker [(A • id — $) 7V : T — > J 7 ] for N 0. Therefore, for the given 
A G C \ {1} the generalized eigenspace for the eigenvalue A in <3>°° : .fP(/ _1 (.R); C) 
W(f-\R); C) (i? > 0) is isomorphic to W~ n+1 (U; T x ). Now let $|^ A = (A • id) x $ u be 



the Jordan decomposition of $ 

1 



J-A ($ u is the unipotent part) and set 



2tt 



log $ u 



2tt 



1 * 



■(^-id) 4 



(6.11) 



for ^> 0. Then iVx is a nilpotent endomorphism of the perverse sheaf J-\ and there 
exists an automorphism M\ : JF\ — > T\ such that 



id = N\M\ = M X N X . 



x^x- 



(6.12) 



This implies that if (N\Y = for some % > 1 then (A-id-$| j-J* = A* (id — = and the 
size of the Jordan blocks for the eigenvalue A in $°° : W(f~ l (R); C) W(f- l (R); C) 
is < i. Let W be the weight filtration of the mixed Hodge module associated with the 
perverse sheaf T\ © J-j (see e.g. [12]). Then the assertion (i) follows from the primitive 
decomposition of the graded module Gr H/ (J 7 \) given in [121 Section 1.4]. Finally let us 
prove (ii). By the above argument, the number of the Jordan blocks for the eigenvalue A 
with the maximal possible size j + 1 in $°° is equal to 



dim ( Im 



N 3 

H j - n+1 (U;F x ) -4 Hi- n+1 (U;F x ) 



(6.13) 
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Let Q be the subobject ImiV^ of T\ in the category of perverse sheaves on Y . Then we 
have a commutative diagram 



Hi~ n+1 (U;F X 



w~ n+ \u- g), 



W- n+l {U;7x) 



(6.14) 



and the number (16 . 1 3[) is bounded by dimfP n+1 (U; Q). Let us set Q' — Q fl W n -j-\T\ 
and Q" = Q fl W n -j-2^\- Then by the exact sequence of perverse sheaves 



— > Q' — ► £ — > 0/0' — > 
and dim supp < n — j — 2 we obtain an isomorphism 

H 3 - n+1 (U] ~ H j ~ n+1 (U; g). 
Moreover it follows from the exact sequence of perverse sheaves 



Gr 



w 

n-j 



— )• s" — >• £' — ■» s'/g 

and dim suppC?" < n — j — 2 that we have 

dimiF'- n+1 ([/;£') < dimW- n+1 (U; Gr^,_ x J} 







(6.15) 



(6.16) 



(6.17) 



(6.18) 



Then we can use the primitive decomposition of Gr H/ (J r x) in [T2| Section 1.4] to estimate 
dimHi- n+1 (U; Gr^.^). For I C R x such that $1 = j + 1, set Uj = Ej \ (J^ A 
Then by the results in [121 Section 1.4] we can easily see that 



/ 



dimH j - n+ \U; Gt^.^Tx) < dim 



r(Ui;£x,i) 



\lt/=j'+i 



(6.19) 



where £a,/ is a local system of rank one on Uj whose monodromy around the divisor 
Ei (i ^ R x ) is given by the multiplication by \~ bi (^ 1) (see [121 Section 1.4] for the 
detail). If a connected component Ej r of Ej intersects E$ for some i G" Rx we have 
.T(C/j fl £/ r ; £a,i) — 0. Therefore the assertion (ii) follows. This completes the proof. □ 



7 Some consequences in local Milnor monodromies 

Our results in Section [2] and the arguments in Section \5\ can be applied also to the 
nilpotent parts of local Milnor monodromies. Namely, we can rewrite Denef-Loeser's 
result [HI Theorem 4.2.1] as follows. Let / G C[xi, . . . ,x n ] be a polynomial such that 
the hypersurface {x G C n | f(x) = 0} has an isolated singular point at G C n . Then 
by a fundamental theorem of Milnor [31], for the Milnor fiber Fq of / at we have 
if J (F ;C) ~ (j / 0, n — 1). In this situation, by using an embedded resolution 
of {x G C n | f(x) = 0}, Denef-Loeser [6] and [7] introduced the motivic Milnor fiber 
Sffl G A4q of / at G C n such that X/j(<S/,o) coincides with the Hodge characteristic 
[H f ] G K (HS mon ) of F . For [if/] G K^HS" 3011 ) the following result due to Steenbrink 
[44] and Saito [40] , [42] is fundamental. 
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Theorem 7.1 (Steenbrink |44| and Saito | |40| . [42] ) In the situation as above, we 
have 

(i) Let \EC*\ {1}. Then we have e p ' q ([H f ]) x = for (p,q) $ [0,n- 1] X [0,n - 1]. 
Moreover for (p, q) £ [0, n — 1] x [0, n — 1] we have 

<*«([H f ]) x = e^-^-^Hf}),. (7.1) 

(ii) We have ^([Hf])! = 0for(p,q) <£ {(0,0)}U([l,n-l] x [l,n-l]) onde°'°([fl>])i = 
1. Moreover for (p, q) £ [1, n — 1] x [1, n — 1] we /jat> e 

^([ff/])! = e^-^Hf]),. (7.2) 

We can check these symmetries of e p ' q ([Hf]) x by calculating Xh{Sf,o) e K (HS mon ) ex- 
plicitly by our methods (see below) in many cases. Since the weights of [Hf] £ K (HS mon ) 
are defined by the monodromy filtration, we have the following result. 

Theorem 7.2 In the situation as above, we have 

(i) Let A £ C* \ {1} and k > 1. Then the number of the Jordan blocks for the eigenvalue 
X with sizes > k in $„_i 5 o: H n ~ l (Fo\ C) ^> i7" -1 (F ; C) is equal to 

(-ir 1 E ^( X ,(5 /i0 )) A . (7.3) 

p+g=n— 2+k,n— 1+fc 

(ii) For > 1, i/ie number of the Jordan blocks for the eigenvalue 1 wrt/i sizes > k in 
$ n -i,o zs egim/ to 

(-l)^ 1 E ^ 9 (x*(5 /l0 ))i. (7-4) 

p+q=n— l+fc,n+fe 



In order to rewrite Theorem 17.21 more explicitly, we prepare some notations. 

Definition 7.3 Let f(x) £ C[xi, . . . ,x n ] be a polynomial on C™. 

(i) We call the convex hull of \J vempp f{v + in the (usual) Newton polyhedron 
of / and denote it by r + (/). 

(ii) The union of the compact faces of r + (/) is called the Newton boundary of / and 
denoted by Tf. 

Definition 7.4 (|21|) We say that a polynomial f(x) = J2 v ez™ a v xV ( a v £ C) is non- 
degenerate at £ C n if for any face 7 -< T + (f) such that 7 C Tj the complex hy- 
persurface {x £ (C*) n | f 1 {x) = 0} in (C*) n is smooth and reduced, where we set 
fj(x) = X/«g 7 nZ!? avX • 
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Recall that generic polynomials having a fixed Newton polyhedron are non-degenerate 
at 6 C. From now on, we assume also that / G C[xi, . . . ,x n ] is convenient and non- 
degenerate at G C n . For each face 7 -< r + (/) such that 7 C Tf, let A 7 be the convex 
hull of {0} U 7 in R n . Then we define m 7 > 0, d y > 0, L( 7 ), M 7 , T Ai = Spec(C[M 7 ]), 
Z\^ C Ta 7 and ht(t> , 7) G Z for v G M 7 as in Section [5j But this time we define r 7 G Ta 7 
to be the element which corresponds to the group homomorphism M 7 — > C* defined by 
v 1 — > C<7 ■ Then Z A C Ta 7 is invariant by the multiplication l Tj : Ta 7 Ta 7 by 
r 7 , and hence we obtain an element [Z A ] of .M^. Moreover let L(7)' ~ ]R dim T be a linear 
subspace of WL n such that L(7) = + w for some w6Z" and set 7' = 7 — w C ^.(7)'. 
We define a Laurent polynomial g 7 = ^„ g L( 7 )'nz™ 011 ^(7) := Spec(C[L(7)' fl Z n ]) ~ 
(C*) dim7 by 

K= U +W (v e V), (7 5) 

I (otherwise), 

where / = X/«ez n a^x". Then we have NP(gi f ) = 7' and the hypersurface Z* = {x G 

T(7) I g'Jx) = 0} is non-degenerate. We define [Z*] G .M^ to be the class of the variety 
Z* with the trivial action of fi. 

Theorem 7.5 In the situation as above, we have 

(i) In the Grothendieck group Ko(HS mon ), we have 

xh(s f ,o) = E -Lr • t^j) + E -^r +1 • 03). (7.6) 

7C17 7C17 

dim7>l 

(ii) Lei A G C*\{1} and > 1. Then the number of the Jordan blocks for the eigenvalue 
X with sizes > k in $ n _ li0 : H n ~ X {FQ] C) —t i/ n_1 (F ; C) is equal to 

E I E ^ (** ((! - L ) m7 ■ t^A 7 ])) A I • (7-7) 

p+<j=n-2+fc,n-l+fc I^CTy " I 

(iii) For k > 1, i/ie number of the Jordan blocks for the eigenvalue 1 sizes > k in 
3?n-i,Q ^s egtxa/ to 

(-i) n_1 E { E ^Wa-^r ■ [^a 7 ]))i 



E ^(xUa-L)^ 1 -^])),}. (7.8) 

dim7>l 



Proof. Since (ii) and (iii) follow from (i) and Theorem 17.2} it suffices to prove (i). The 
proof is very similar to the one in Varchenko [IH]. Let Ei be the dual fan of r + (/) in Wf 
and E its smooth subdivision. Denote by X^, the smooth toric variety associated to E. 
Since the union of the cones in E is IR+ , there exists a proper morphism tc : — > C n . By 
the convenience of /, we can construct the smooth fan E without subdividing the cones 
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contained in <9IR™. Then ir induces an isomorphism X^ \ 7r _1 (0) ~ C n \ {0}. Moreover 
by the non-degeneracy at G C n of /, the proper transform Z of the hypersurface 
{x G C" | f{x) — 0} in Xy, is smooth and intersects T-orbits in 7r _1 (0) transversally. Let 
Dx, . . . , D m be the toric divisors in X-%. For a non-empty subset J C {1, 2, ... , m} we set 
-D/ = Hie/ A and 

A° = A\<! [I \Di\uZ\(zXv. (7.9) 




Moreover we set 

z°j = |dj \ ^U d ^ I n z c x s (7.io) 

and denote by [Zj] 6 M{i the class of the variety with the trivial action. Then, unlike 
the global object 5^°, Denef-Loeser's "local" motivic Milnor fiber S/ t o contains not only 

(1 — L) tt/_1 [5j] but also (1 -L) tt/ [Z^] (see [5] and [7] for the details). These new elements 
yield the second term in the right hand side of (17. 6p . Finally, in the Grothendieck group 
K (HS mon ) we can rewrite Xh{Sf,o) m terms of the dual fan Ei (i.e. in terms of r + (/)) 
by using the proof of Theorem 15.71 (i). This completes the proof. □ 

Let qi,...,qi (resp. 71,..., 7^) be the 0-dimensional (resp. 1-dimensional) faces of 
r + (/) such that qi G Int(IR") (resp. rel.int(7j) C Int(IR™)). Then by defining as in 
Section [5] the numbers di > (1 < i < I), a > (1 < i < V) and n{\) l > (1 < i < V) 
for A G C \ {1}, we can easily obtain the following results from Theorem 17.51 (ii). 

Theorem 7.6 In the situation as above, for X E C* \ {1} , we have 

(i) The number of the Jordan blocks for the eigenvalue A with the maximal possible size 
n in $„_i 5 o is equal to §{qi \ \ dl = 1}. 

(ii) The number of the Jordan blocks for the eigenvalue A with size n — 1 in $ n _i ( Q is 
equal to Aej=1 71(A)*. 

Remark 7.7 Assuming that any face 7 -< r + (/) such that 7 C Tf is prime in the sense 
of Definition 12.101 (i), we can obtain also some explicit formulas for the numbers of the 
Jordan blocks for the eigenvalues A 7^ 1 with smaller sizes k > 1 in $ n _ 10 . Since they are 
completely parallel to Theorem 15.144 we omit them. The results that we obtain in this 
way are different from the previous ones due to Danilov [1] and Tanabe jlS] . For example, 
in jl] and [H] they assume a stronger condition that the Newton polyhedron r + (/) itself 
is prime. We could weaken this condition, because our Proposition 12.131 and Corollary 
12.151 are generalizations of the corresponding results in [5] to pseudo-prime polytopes. 

We can also obtain the corresponding results for the eigenvalue 1 by rewriting Theorem 
17.51 (iii) more simply as follows. 

Theorem 7.8 In the situation as above, for k > 1 the number of the Jordan blocks for 
the eigenvalue 1 with sizes > k in $ n _i.o is equal to 

(-IT' 1 E \ E eP ' 9 (C 1 " L r 7 ■ t Z A 7 ])) 1 I • (7-11) 

p+q =n -2-k,n~l-k I 7CI7 I 
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By Theorem 17. 8[ we immediately obtain the following corollary. Denote by 11^ the 
number of the lattice points on the 1-skeleton of Tf fl Int(IR™). Also, for a compact face 
7 -< r + (/) we denote by /*(7) the number of the lattice points on rel.int(7). 

Corollary 7.9 In the situation as above, we have 

(i) (van Doorn-Steenbrink fT3f ) The number of the Jordan blocks for the eigenvalue 1 
with the maximal possible size n — 1 in $ n -i,o is Hj. 

(ii) The number of the Jordan blocks for the eigenvalue 1 with size n — 2 in $ n -i,o is 
equal to 2j^ f(7), where 7 ranges through the faces ofT + (f) such that dinry = 2 
and rel.int(7) C^n IntQR"). 

Note that Corollary 17.91 (i) was previously obtained in van Doorn-Steenbrink [13] by 
different methods. Theorem 17.81 asserts that after replacing the faces at infinity of r oo (/) 
by those of T + (f) contained in Tf the combinatorial description of the local monodromy 
$ n _i,o is the same as that of the global one Namely we find a beautiful symmetry 

between local and global. Theorem 17.81 can be deduced from the following more precise 
result. 

Theorem 7.10 In the situation as above, for any < p, q < n — 2 we have 

J2 eP ' q {Xh ((l-L)^[^])) 

7 cr / 

= £ eP+1 ' q+1 (x* (j 1 - L ) m7 ^A 7 ] + (1 - h) m ^ 1 [Z;])) i . (7.12) 

7 cr / 

We can easily see that Theorem 17.101 follows from Proposition 17.111 below. For [V] G 
K (HS mon ), let e([V]) 1 = J2p q=0 ^([V])^ be the generating function of e*«([V])i as 
in 0. 

Proposition 7.11 We have 

E e (Xh ((1 -h) m ^\[Z* Aj ] + [Z;]))) i = 1 - ( tl t 2 r. (7.13) 

7 cr / 

From now on, we shall prove Proposition 17.111 First, we apply Proposition 12.121 to 
the case where A = A 7 for a face 7 of r + (/) such that 7 C Tj. Let 7' be a prime 
polytope in ]R dim7 which majorizes 7 and consider the Minkowski sum 7" := 7 + 7' (resp. 
□ 7 » := A 7 + 7') in ]R dim T (resp. IR dim7+1 ). Then Dy/ is a (dini7 + l)-dimensional truncated 
pyramid whose top (resp. bottom) is 7' (resp. 7") (see Figure 15 below). In particular, 
□ 7 » is prime. Since the dual fan of 7" coincides with that of 7', the prime polytope 7" 
majorizes 7. Let ^ : som(7") — > som(7) be the morphism between the sets of the vertices 
of 7" and 7. By extending \l/ to a morphism som(D 7 ») — > som(A 7 ) as 

* H f*H (-esom( 7 ")), (7M) 
1 ^ \{0} (w G som(V)), 

we see that the prime polytope D 7 » majorizes A 7 . 
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Figure 15 



Proposition 7.12 For the closure Z* A of Z\ in X n „, we have 



E eM (^> = E(- 1 ) dimr+p ( dimr )- ( 7 - 15 ) 

j~,n \ V J 



Proof. It suffices to rewrite Propositiou 12.121 in this case. For a face V of Dy/, we set 
b-p = dimr — dim\l/(r). Note that the set of faces of D 7 » consists of those of 7' and 7" 
and side faces. Each side face of D 7 » is a truncated pyramid D r whose bottom is r -< 7". 
Since dimD T = dimr + 1 and bu T = K for r -< 7", we have 

( -D™ { O - G+ 1) } = |> 1)dm " +P (T) (7 ' 16) 



and 



min{fc r ,p} , v 

£(-i> dlmr+1 £ (, (-DW-TO) 

-<Dy, i=0 V / 

min{fe T ,p} , . 

= E(-i) di - +i £ (M(-ir 



X {^l,dim* W -p +l (^(r)) - ^(^^(Dr))} , (7.17) 

where the faces r of the top 7' of Dy are neglected by the condition dim\I/(r) = 0. By 

^(□t) = A^( T ) and Lemma 17.131 below, the last term is equal to 0. □ 

Lemma 7.13 For any face 7 ofT + (f) such that 7 C Tf, we have 

y? w (A 7 ) = <fi,j(j). (7.18) 

Proof. By the relation l*((k + l)A 7 )i - FfiAJt = l*{ki) x (k > 0) we have 

P 1 (A,;t) = tP 1 ( r ,t). (7.19) 

By comparing the coefficients of P +1 in both sides, we obtain (17.18p . □ 

The following proposition is a key in the proof of Proposition 17.111 
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Proposition 7.14 For any face 7 ofT + (f) such that 7 C Tf, we have 

e(x,([^ 7 ] + [^]))i = (M 2 -l) dim7 . (7.20) 

Proof. It is enough to prove 

e^(Z;)i + e M (^l 7 )i = (_l)^7+P^ dl ^ . 5m; (7 .2i) 



where <5 Pj(? is Kronecker's delta. We consider the closure of Z*^ in X u ,,. Then by 
the proofs of Propositions 12.121 and 17.121 we have 

e P ' q (Zl,h = E {e P ' q ((n bT x + e™((C*)^ x Z^x} (7.22) 

T-<7" 

min{6 T ,p} , . 

E E (;)(- 1 )' +6T { e ^(^(r))i + ^ i '^^ (7-23) 



Let us prove f)7.2ip by induction on dinry. In the case dini7 = 0, we can prove f)7.2ip 
easily by Propositions 12.61 and 12.91 Assume that for any cr C T/ such that dima < dinry 
fl7~2T|) holds. Then by b r = and (17^3]) we have 

<**(Zpi = f**{Z$x + eM^)! + 5 M E (-l) di ^ +p ( dimT ) . (7.24) 

In the case p + g > dini7, by Proposition 12.61 we have 

e p ' q (Z^h = * M E (-l) dim ^( dl ^ T ) . (7.25) 



Therefore, also in the case p + q < dinry, by the Poincare duality for Z\ (n 7 » is prime) 
and Lemma [2. 161 we have 



e p ' q (Z* Ay )i = e^-PW-i^z*^ (7.26) 

= ^ E/- 1 )^^^^^) ( 7 - 27 ) 

= ^E(" 1 ) dimT+P ( di r)- ( 7 - 28 ) 

r^y \ P J 

In the case p + q = dim7, by Proposition 17.121 and the previous results we have 

= ^E(- i ) dimr+p ( di r)- ( 7 - 3 °) 

r^ 7 " \ P / 

By (EMD, we obtain (OH) for any p, q. □ 
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Now we can finish the proof of Proposition 17.111 as follows. By Proposition I7.14[ we 
have 

£ e (xh ((1 -Lr +1 ([^ 7 ] + [Z;\))) i = 5^(1 -M 2 )^ +1 (M 2 - l) dim ^ (7.31) 
7C17 7C17 

n 

= £(1 - Ma)' £ (-l)^ (7.32) 

= E(i-M 2 y(")(-iy- 1 (r.33) 

= 1 - (ht 2 ) n . (7.34) 

□ 

Remark 7.15 Following the proof of Theorem 15.161 we can easily give another proof to 
the Steenbrink conjecture which was proved by Varchenko-Khovanskii [50] and Saito jJTJ 
independently. For an introduction to this conjecture, see an excellent survey in Kulikov 
[22] etc. 

Remark 7.16 For a bifurcation point b G Bf of /, take a small circle C e (b) = {x G 
C | \x - b\ = e} (0 < e < 1) around 6 such that 5/ n {x G C | |x - b\ < e} = {b}. Then 
by the restriction of C n \ f~ l (Bj) — > C \ Bf to C e (&) C C \ 5/ we obtain a geometric 
monodromy automorphism $^ : + e) — f~ x {b + e) and the linear maps 

$5 : ^(^(6 + e); C) H'(r X Q> + e); C) (j = 0, 1, . . .) (7.35) 

associated to it. The eigenvalues of $^ were studied in [28J Sections 3 and 4]. If / is 
tame at infinity, we can introduce a motivic Milnor fiber Sj G Ai^ along the central fiber 
f~ l {b) to calculate the numbers of the Jordan blocks for the eigenvalues A 7^ 1 in 3>„_i. 
This result can be easily obtained by the proof of [3HJ Theorem 13.1]. It would be an 
interesting problem to construct a motivic object to calculate the eigenvalue 1 part of 

n— 1 



A Appendix by Claude Sabbah 

In this appendix, we prove Theorems 14.51 and 14.61 of the main article. 
A.l Symmetry of Hodge numbers 

Let U be a smooth affine complex variety and let (f^ denote the mixed Hodge module 
also denoted by in [42] (we change the notation because we will mainly work with 
filtered modules). We set n = dimU and m — n — 1. Let D be the duality functor of 
algebraic mixed Hodge modules. We have D£?jj ~ €?u(n). 

Let / : U —7- A 1 be a regular function. We denote by /*, f\ be the push- forward and 
proper push- forward functors (mainly used at the level of filtered ^-modules), where 
/, = D/,D (cf. m (4-3.5)]). 
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Let t be the coordinate on A 1 . We will also use the nearby cycle functor ipi/t, that we 
decompose as ipi/ t = 4>i/f,i © i>i/f,^i with respect to the eigenvalues of the monodromy. 
We have the following commutation relations in MHM(A 1 ) (cf. [12J Prop. 2.6]): 

Vty t D = (Tty 1/t )(l). 

According to the previous relations, we have 

^M^V-O - if>i/t(pjr°f*v0u) * D(^ 1/t (jr /*O)(-m). 

We denote by h p ' q the Hodge numbers of the left-hand term, and by h p,q those of 
^/tpT /*^). We then get 

Vp, q G Z, h p ' q = h™- p > m ~ q , (!*) 

or equivalently, for each eigenvalue a G exp(27riQ), 

Vp, q G Z, fcM = fr£?T~« = hT- q > m - p , (!*) a 

according to the behaviour of eigenvalues by duality and complex conjugation, if we note 
that a~ l = a for a G exp(27rzQ). From now on, we assume that / is cohomologically 
tame, in the sense of [38]. If U = A n and n ^ 2, tjj yt ^ 1 {M' k f^) = for fc ^ (see 
[38| Rem. 10.3] for Jif k f* and use duality). Therefore, using the notation e p,q of (2.8) 
and (2.9) in the main part of the article, we have = h p 'l 1} and we wish to show the 
symmetry hf' q = } l ™~'Pi m ~ q f or a ^ \ If a = 1, the point is to show the symmetry 
hfi = /i[ n L _1 ~ p ' m_1 ~' ? , since f\&]j has cohomology in degrees and m at most and has 
rank one. By (!*)«, these symmetries are equivalent to h%'% = h™~ p ' m ~ q for a / 1, and 
h p '\ = / l ™+ 1_ P> m+1 ~ !i \ Both are a direct consequence of the following proposition, since N 
is a morphism of type (—1,-1). 

Proposition A. 1 The weight filtration on ipi/t,i{^ Q f*&u) ( res P- on 4 ! i/t,^i{^' f*^'u)) 
is equal to the monodromy filtration of the nilpotent part of the monodromy, centered at 
m + 1 (resp. m ). 

Notice also that Theorem 14.61 of the main article is a consequence of this statement. 
One can obtain the proposition as a consequence of Theorem 13.1 in [38], but we will 
propose another proof, which avoids the main results of [38] related to Fourier transform, 
Brieskorn lattices and spectrum at infinity. 

Let us first treat the case a ^ 1. Let F : X — > C be a compactification of / with 
no vanishing cycle for Qjj on X \ U (tameness), and let ICx(Q[/) be the intersection 
complex of X. It corresponds to a pure Hodge module according to M. Saito, and 

J4? o F*(ji*0jj) is pure. Moreover, we have two morphisms in MHM(A 1 ) 

^°Mu — > ^FAi\*&u) — > ^°f*^u 

and for each morphism, the kernel and cokernel (in MHM(A 1 )) are constant mixed Hodge 
modules. 

It follows that the computation of ipi/t,^i^° f*^u or ipi/t,^i^ f\&u (where t is the 
coordinate on A 1 ) coincides with the computation of ipi/t^i^ F^d^tffy) . There, we can 
apply the properties of pure Hodge modules and get that the weight filtration is the 
monodromy filtration shifted by m, according to [40] . The case a = 1 will occupy the 
next sections. 
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A. 2 A preliminary result 

Let H be a finite dimensional vector space equipped with a nilpotent endomorphism 
N. We denote by M(N, if), the monodromy filtration of N on H (centered at 0), so 
that N(M(N,#) fc [ C M(N,if) fc _2 for any k E Z and, for any £ E W, N £ induces an 

,. M(N,H) TT ~ M(N,H) o- 

lsomorphism gr £ ii — )■ gr_ £ ii. 

The space i//TmN is naturally decomposed into primitive subspaces Po(H, N) © • • • © 
P e (H,N) © • • • , and the filtration induced by M(N,H). on if /ImN is the filtration by 
the degree of the primitive part. The following is straightforward, by using the Jordan 
normal form for instance. 

Lemma A.2 Let L.H be an increasing exhaustive filtration of H such that L_ 2 = and 
L_iH = ImN. Then the following properties are equivalent: 

(a) M(N,if). is equal to the monodromy filtration o/N relative to L,H, 

(b) for k^O, L k H = M(N, H) k + ImN. 

A. 3 Vanishing of hypercohomology 

Let M be a regular holonomic ^-module on the affine line A 1 with coordinate t. The 
following operation defines a nejw regular holonomic ^-module M such that the de Rham 
hypercohomology ii"*(A 1 , DR(M)) is zero. Note that, because we work with regular 
holonomic ^-modules, there is no difference between the algebraic and the analytic 
de Rham hypercohomologies. Working with C[t](<9t)-modules, this amounts to asking 
that dt : M — > M is bijective. This can easily be realized by the following operation: 

M = C[d t ,d; 1 } ® C [9 t ] M, 

but this operation is not easily extended to mixed Hodge modules, which is our main 
purpose. 

We will now consider the C[t](d t ) -module Cfc^,^ -1 ] as a mixed Hodge module, and 
we will denote it C[d t , d^ 1 } 11 . It is constructed as follows. Firstly, as a C[t](d t ) -module, 
we have a natural exact sequence 

— )■ C[d t ] — )■ C[d t , d; 1 ] — )• C[t] — )• 

by presenting C[9 t , d^ 1 ] as C[t](9 t )/(^ + 1). Denoting by j : (A 1 )* = A 1 \ {0} «^ A 1 the 
open inclusion and by i : {0} ^ A 1 the complementary closed inclusion, it corresponds 
to the mixed Hodge module j\&f A i^- The previous exact sequence is the weight exact 
sequence: 

(Recall that, in the theory of mixed Hodge modules, ^ has weight dim A 1 = 1). 
If M is a regular holonomic ^ A i-module, we thus set 

M = JfV(M§j!%) 

where s : A 1 x A 1 — > A 1 is the sum function (x,y) t— > x + y and the direct image is taken 
in the sense of ^-modules. Similarly, if M is a mixed Hodge module, we can regard the 
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previous definition within the frame of mixed Hodge modules and define M as a mixed 
Hodge module. We have a natural morphism M — > M, whose kernel and cokernel are 
constant mixed Hodge modules. 

Let us assume that M is a pure Hodge module on A 1 , of weight to. Then its image in 
M is also a pure of weight to, and we still denote it by M. In other words, we will assume 
that M has no constant submodule. Then we have an exact sequence in MHM(A 1 ): 

— >M — > M — > M" — ► (A.l) 
and M" is constant and has weights ^ to + 1. 

A. 4 Nearby cycles 

The exact sequence flA.ll) induces an exact sequence of mixed Hodge structures after 
taking nearby cycles at infinity: 

— > i/> 1/t ,iM — )• fi/yM — ). — -> 0. 

The weight filtration on ipi/t,iM is the monodromy filtration of the nilpotent part N of 
the monodromy at infinity, centered at to — 1, that we write M(N,^ 1 / (il M)[w — 1].. The 
weight filtration W. of ipi/t,iM is the monodromy filtration of N on ipi/t,iM relative to 

the filtration L. induced by W,+\M. Lastly, M" is constant, so N" = on ipxuiM" and 
the weight filtration W.ipi/t,iM" is equal to ipx/t,\W. + iM" . 

Proposition A. 3 Under these assumptions, the weight filtration W. on ipi/t,iM is equal 
to the (absolute) monodromy filtration M(N)[u>]. o/N centered at w, and L. is given by 
Lemma lA.^ up to a shift by w. 

Proof. We will show that the filtration L.ipi/ t ^M defined above satisfies the assumption 
of Lemma [A. 21 (up to a shift by w) and that M(N)[iu]. is the weight filtration of xpiuiM. 
Therefore, the property IA.2f ja| will be fulfilled, and thus the filtration L, satisfies TA.2l fjbl. 

Let us first give some properties of the filtration L.. In the exact sequence flA.ip . the 
weight filtration of M satisfies W W - X M = 0, W W M = M and M" has weights ^ w + 1. 
Each Wk+iM" {k ^ w) is a constant Hodge module, which is completely determined by 
H / fci? _1 (A 1 , DR(M")) (where the ^-module convention is used for the de Rham complex, 
that is, DR(M") has terms in degrees —1 and 0). Since M has no global hypercohomology, 
we have an isomorphism of mixed Hodge structures 

fl' _1 (A 1 , DRM") ^ if°(A 1 ,DRM). 

The mixed Hodge structure on /f°(A 1 , DRM) is described as follows. It has weights ^ to. 
Let us denote by ~# m i n the minimal extension of M by the inclusion j : A 1 ^ P 1 and by 
^ the maximal extension j*M. Then ^# m i n is a pure Hodge module of weight w on P 1 , 
and 

gr^ J H"°(A 1 ,DRM) = W W H°(A\DRM) = H°(F\ DR^ mill ) C if°(A 1 ,DRM). 

The quotient Hodge structure H°(A 1 ,DRM)/W W H°(A\DRM) is identified with 
i3"°(P 1 , DR( t y#/^# min )). Note that j$ j is supported at infinity, and is identified 
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with the direct image by the inclusion oo P 1 of 0i/t,i(^ /^mm)- Moreover, (f)i/t,i<s^ m m 
is identified with ImN : VVf.i-^min — >* ^i/t,i-^min( — 1) (cf- 1101 Lemme 5.1.4]) and, since 
■^l/t.i^min - ► ih/t,i^ an d var : 4>\/t,\^( — > ?/>i/t,i^(— 1) are isomorphisms compatible 
with N, we get an identification of 0i/t,i(^#/^# m in) with cokerN : ipx/t,iM — > ipi/ t ^M{—\). 
The graded pieces are thus given by 

gr^ +fc+1 H°(A\DRM) ^> P fc (N, ^ 1/t)1 M)(-l), VA; ^ 0. 

(Recall that ipxniM is a mixed Hodge module having weight filtration given by 
W.ipi/ t ,iM = M(N)[w — 1].; then ipi/t,iM(— 1) is a mixed Hodge module with 
^/t!iM(-l) = M(N)[«; + l]..) 

This computation gives the weight filtration on /f~ 1 (A 1 , DRM"), and thus on M" 
since this is a constant Hodge module: 

W w+l M" = if°(P\ DR^ min ) ® c C[t] H , 
gC +2 M" ~ P fc (N,-0i/t,iM)(-l) ®c C[t] H , VA; ^ 0. 
As a consequence, we get 

gr^ 1/M M = gr^Vi/t,iM" ~ if°(P\ DR^ min ), 
gr^ +fe+1 ^i A1 M = gr^ +fe+1 ^ A iM" ~ P fc (N, ^ 1/M M)(-1), VA; ^ 0. (A.2) 
On the other hand, 

VA/yM = g*w-i^i/t,iM = if> 1/ttl M. 
Proof that L w _i^i/t,iM = ImN 

Since N" = 0, we have ImN C ipy t) iM = L w _iipi/ tjl M. We will prove equality by an 
argument of Fourier transform. Recall that the Fourier transform F M of M is a C[r](d T )- 
module, through the correspondence C[t](<9 t ) C[t](d t ), r !->■ 9 t , 9 r — t. 

Lemma A. 4 There is a functorial isomorphism 

(0 r /M, F N) ^ (A/t,iM, N) (A.3) 
for any regular holonomic C[t](dt) -module M. 

Proof. This is "well-known". The proof of J3JJ Prop. 4.1 (ivb)] can be adapted to 3)- 
modules to show that a similar assertion holds on the product space P* x A^ T for the 
pull-back p*M of M twisted by the exponential ^-module S~ tT (kernel of the Laplace 
transform). Applying direct image by the projection q : Pj x A^ — > A^ and the compati- 
bility of the functor r l with direct images (cf. e.g. [30]), we obtain (1A.3[) . since F M can 
also be computed as Jff°p*(p*M ® <S~ tT ). □ 

Notice that F M is the localization with respect to r of F M. Then the natural map 
ipx/t,iM — > tpi/t^M is identified with the natural morphism (variation) <p T ^ F M — > ifj T ^ F M 
via the commutative diagram: 

V>i/t,iM ^— <\> T /M ^ ^ T /M 

i 
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The point is now that M is a semi-simple C[i](d f )-module, as it underlies a pure Hodge 
module. Moreover, the natural morphism from F M to its localization F M is injective. 
Therefore, F M is a semi-simple C[r](9 T )-module and has no submodule supported on 
t = 0. Hence, the dual C[r](<9 T )-module satisfies the same properties, and therefore is 
included in its localization at r = 0. As a consequence, F M is a minimal extension at 
r = (i.e., has no sub or quotient module supported at r = 0), which implies that 
4> Tt i F M ~ Im(' F N : tp Tj i F M — > ip Tt i F M) (cf. jlHl Lemme 5.1.4]), and using the previous 
diagram, this is equivalent to r ,i F M ~ Im^ : r ,i F M -> r ,i F M). Taking the inverse 
isomorphism (1A.3j) gives the assertion. □ 

Purity of grf (N) -0i/t,iM for £ ^ 

According to [4TJI Lemme 5.1.12], var T is strictly compatible with the monodromy filtration 
after a shift by —1. Using the previous commutative_diagram, we conclude that the same 
property holds for the inclusion tpi/t,\M — > ^/yM. On the other hand, M_i(N) C 
ImN = ipi/ t ^M. Therefore, the previous inclusion induces isomorphisms 

gr^Vi/taM grf^ 1/t>1 M (A.4) 

for each £ ^ —1. Remark now that such morphisms underly morphisms of mixed 
Hodge structures, since M. is a filtration by mixed Hodge structures. By strictness, 
the corresponding morphisms of mixed Hodge structures are isomorphisms. Since the 
left-hand term is pure of weight w + £, the right-hand term is so. Lastly, since 

N e : grf^ipi/t^M gr^^ipi/ t ,iM(— £) is an isomorphism of mixed Hodge structures, 
we conclude that grY ipi/t,iM is pure of weight w + £ for £ ^ 1. □ 

Dimension of gT^ +e tpi/ t ,iM 

We now consider the weight filtration W.ipy t> iM of the mixed Hodge structure ipy t; iM. 
We claim that 

W, dimgr^i/t.iM = dimgrf (N ViA,i^- (A.5) 

Notice that, since both nitrations are exhaustive, it is enough to prove the claim for £ ^ 0. 
Assume first that I ^ — 1. On the one hand, we have by (IA.4[) 

dimgrf {N Vi/t,i M = dimgr^fVi/t.i^ = dimgrJ + /0i /t) iM. 

On the other hand, since W.ipy til M" = L,ip 1/t}1 M" and L w+i ip 1/t>1 M" = for £ ^ -1, 
the natural morphism 

Wv+t&ifoiM — > W w+e ^ 1/tA M (A.6) 
is an isomorphism, hence the assertion for £ ^ — 1. Assume now that £ ^ 1. We have 

dimgr^ + ^ 1/tjl M = dimgr^/> 1/M M + dimgr^^i/t.i^" 

= dimgr^ ( 1 N ViA,i M + dimPgr^f ^ip 1/t>1 M 
= dimgr^fVi/t.iikf- 
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On the other hand, 

dimgrf (N Vi/t,i^f = dimgr M £ (N Vi/t,i^ 

= dimgr^^i/ijM = dimgr^f^i/t.iM, 

so (IA.5I) is proved. □ 

End of the proof of Proposition IA.3I 

l/t, 



The purity of grf^ipi / tt xM shows that W, induces the trivial filtration with one jump 
from w + £ — 1 to jo + I on grf ipi/t^iM, for £ ^ 0. In particular, for £ ^ 0, 

W w+ ^ n M(N) £ C M(N) £ _x. (A.7) 



Let ^ » be such that W w+io = M(N) £o = ip 1/ttl M. Then ([Q> shows that 



W w+ i a -i C M(N)£ D _i, and (1A.5[) for £ = £ Q implies equality. A similar argument can 



be applied by decreasing induction up to £ = 1, giving W w+ g = M(N)^ for any £ ^ 0. 
Assume now that £ ^ —1. Then flA.6h shows that W w+ t = M(N, Tit1 ^)^ + i. It is easy to 

check that this is nothing but M(N)^. □ 



A. 5 End of the proof of Proposition IA.1 



Recall that we assume that U = C n . Let us first show that, if we set M = Jif°F Ji: (j\ 3f ^'^), 
which is a pure Hodge module of weight n, according to M. Saito [10], we have Jif°f^^ ~ 
M as a mixed Hodge module. Indeed, by functoriality of the operation, we have 
commutative diagram in MHM(A*): 

b 

Since the kernel and the cokernel of a are constant, a is an isomorphism, and since the 
operator d t is invertible on J# y °f Jf {?'u, b is an isomorphism. As a consequence, Proposition 
IA~3l applies to J?°f* 0$. □ 
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